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Algebra. 

1. A man borrows P£ at r per cent, compound interest^ 
and invests the sum in the / per cent, stocks^ the half-yearly 
dividends in which he immediately invests in the same stock. 
After the end of the fourth year^ the stock rises in value 2 
per cent. He then sells out^ and^ after repaying the loan 
with its accumulated interest^ has Q£ left. But if the stock 
had not risen in value^ he would have only just enough to 
repay the loan with its interest. Oiven P, Q, r, find the cost 
and percentage of the stocks in which he invested. 

%. Eliminate x, y, z from 



y a 

- + - 
z X 



z b X c 

- -f - - + - 






^^ 'u^'^ ^^- bc'^ ca^ ah' 



1 J^ 

ca 



be 



ca 



ab 



z^ 



r 



z^ X* y^ bc^ ca^ ab 

3. Solve the equations : 

(1) ^(ir-l)(a?— 2)-a(a-l)(a-2) = 0; 



(2) 



2ab y __ 2ai 
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Algebra. [j. m. s. 



— d - ^^*= -^ ^— * 

(4) ir' — 29y* = + 5 in positive integers. 

4. If a series of terms in arithmetical progression is col- 
lected into groups of n terms, then the sums of these suc- 
cessive groups will form a series in arithmetical progression 
whose common difference is n^ the original common difference. 

5. Sum the series 

2 + 4a? + 7a;»-f 12a;» + 21a?*4-38j?''+... to n terms, 
and find the value which x must not exceed in order that 
the ^th term may be greater than all the following terms to 
infinity, 

6. A binomial, having one term rational and the other a 
quadratic surd, when cubed and divided by 2, is equal to 
itself with its rational term doubled. Find the terms. 

7. State and prove the multinomial theorem ; and shew its 
application to the solution of the following problem : 

What is the best number to back in throwing four dice ; 
and on what other number are the odds the same as on 
eight ? 

8. There are ten counters in a bag marked with numbers. 
A person is allowed to draw two of them. If the sum of the 
numbers on these two is even, he receives as many shillings ; 
if odd, he pays as many. Is the value of his expectation 
greater when the counters are numbered from to 9 or from 
I to 10? 
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i866.] Algebra, 5 

9. I{ Ny a, by c are positive integers, N not being a 

perfect square^ and if 



shew that m and n are integers. 

10. If 9^ is a positive integer, shew that 

» —7(^—1) + \ o (^—2)*— = 1.2.3. ..7^. 

11. If ^ is a prime number, prove that none of the co- 
efficients in the expansion of {a + Vf are prime numbers except 
those of the first two terms and of the last two. 

12. Prove the foUowing properties of numbers : 

(1) All cubes are of the form 9»^ or 9»^+ 1 ; 

(2) »(^+l)(»+2)(5»'» — l) is divisible by 24. 

13. If ^i', J/, c/, &c. are the minors of the determinant 
(^1 ^9 ^s)^ shew that 

flj'Ji'c/— fl/J8'^/= (^i^a^s) {^s^i^a— «2^s^i}" 

14. The equation a?— ^a^-\-x^ = — —. is satisfied 

V a» + x^ 

either by a? = 00 or a? = — a— — ==^ • But if the equation 

V2»-l 
is solved the latter root only appears. Explain this. 

15. Sum the series 

(1) 1.3.2« + 3.5.3« + 5.7.4«+ to n terms j 

,„, 3.6 4.7 5.8 ^ ^ 

(') 5:8 + 1235 + 21:24+ ^^terms; 

1 3.5 5.5» r.S'' 

(3) -z-^ 4- ^ . ^ + , ^ », + rTTTTi -f . . . to /* terms. 
^ ^ 2.3 3.4.3 4.5.32 5.6.3'' 
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6 THgonometry and Theory of Equations, [j.m.s. 

11. 

Trigonometry and Theory of Equations. 

1. On what principles are trigonometrical ratios affected 
with signs? Give a general formula for all angles which 
have the same sine. 

% Prove that 

tan J cot A _ 

^ \ tanJ— tan3^ cot^ — cotSJ " ' 

A Ah 

(2) (1 + sin J)^ = 1 + 2 sin — (l — sin — ) ; 

(3) sin2^ + sin25-|-sin2(7 

= 4 sin (J5+C) sin ((7+^) sin (J + 5), 
if ^ + 5-1- C= 360°. 

8. Discuss the ambiguous case in the solution of plane 
triangles : and if c is the ambiguous side of which c^ and c^ 
are the two values, prove that c^c^ = + (a*— i*). 

If a = 235.74, i = 423.213, ^ = 57° 34' 25", solve the 
triangles. 

4. If from any point P in a circle lines are drawn to the 
extremities A, B and to the point of contact C of a side of the 
circumscribing square, shew that 

(1+cotPCi) ^ _ { \+Qot PC By 
GotPBA " cot PAB 

6. If cos(a-f ^) = cosacos0— cosisinosin^, and if ^ 

and (j) are small, shew that 6= <^cos5+ -^cota(sin5)», 
nearly. 

6. Express tsmnO in powers of tan 6; and expand cosnO 
in powers of cos d. 
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1 866.] Trigonometry and Theory of Equations. 7 

7. The triangle A^C circumscribes the escribed circles of 
the plane triangle ABC\ shew that 

acosA"" bcosB '^ ccosC 

8. A point is joined to the angular points of a polygon, 
whereby triangles are formed which have a common vertex, 
and have the sides of the polygon for their bases. For each 
triangle are drawn the inscribed circle, and the escribed circle 
which touches the base externally. Shew that the algebraic 
sum of the portions of the bases intercepted between the 
points of contact of these circles is zero. 

9. Prove the follpwing formulae of spherical trigonometry : 

(1) sin a cos J? = cos d sin c— sin b cos ecoaA; 

(2) sm -- sm — — - = — sm - cos — ~ — ; 
^ ^ 2 2 2 2 

and find the radius of the small circle inscribed in a given 
triangle. 

10. The angular points of a spherical triangle right-angled 
at C are joined by chords. If in the plane triangle thus 
formed C corresponds to (7, shew that 

(1) cos C7 = sm - sm - ; 

2 2 , 

(2) C^= - — — . , if the triangle is small. 

11. Prove that in an equation the greatest negative co- 
efficient increased by unity is greater than the greatest root. 

12. Determine the condition that a?»— .jM:*+j^a?— f = 
should have two equal roots. Can you hence infer the con- 
dition that two roots should be impossible? Does your in- 
ference admit of generalization ? 
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8 Pure Geometry. [j. m. s. 

13. Solve the equations : 

(1) a?« — 3ar-l = 0; 

(2) a?' — 9a?H-28 = 0; 

(3) x*-\-%x^-^x^ — 2^x-\-^ = 0; 

(4) 5a?» — 43a?* + 60;r3 + 132ar" — 65ir + 7 = 0, 

which is such that if one root is removed the sum of the 
combinations 2 and 2 together of the remaining four will 
be 26. 

14. If «, by c are the roots of x^ — Zm'^X'-m^ = 0, form the 

equation whose roots are - > - j t • 
^ cab 

15. Sum the following series : 

. a?sin^ a?' sin 2^ a?^sin3^ 

^^^ ~1~"^ 1.2 "^ 1.2-3 "^ ' 

(2) (l-^/I^T)-^/I:2-(l + ^/^)-^/2- ; 

and shew that 7 is the least number of terms the sum of 
which is rational. 

Also expand into a series of ascending powers of x 
a-\-bx 
a?' — 2ii?cosa>+l ' 
and give the general term of the series. 



Ill 

Pure Geometry. 

1. Describe a rectilineal figure which shall be similar to 
one, and equal to another given rectilineal figure. 

2. If straight lines are drawn bisecting the interior angles 
of a quadrilateral, shew that they form another quadrilateral 
whose diagonals pass through the intersections of the opposite 
sides of the first. 
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1 866.] Pure Geometry. 9 

3. Given the vertex and the centres of the inscribed and 
circumscribed circles of a triangle, construct the triangle. 

4. If two straight lines be cut by parallel planes they shall 
be cut in the same ratio. 

If three straight lines which do not all lie in the same 
plane are cut in the same ratio by three planes, two of which 
are parallel, shew that the third is in general also parallel 
to these two. State the exceptional case. 

5. ihom a point on a diameter a tangent is drawn to a 
circle, and its point of contact is joined to the extremity of 
the diameter at right angles to the first. Shew that the 
tangent, the first diameter, and the joining line form an 
isosceles triangle. 

6. The diflference of the squares of the tangents from any 
point to two circles varies as the distance of the point from 
their radical axis. 

7. -4, By Cy I) are fixed points in a given right line ; find 
the locus of the point at which AB and CD subtend equal 
angles. 

8. A pair of ordinates JfP, M'P perpendicular to the major 
axis of an ellipse intersect the auxiliary circle in Q, Q' ; shew 
that, if (7 is the common centre of the curves, the areas of the 
triangles CQQ^y CPP" are proportional to the major and minor 
axes of the ellipse. Hence shew that the area of the triangle 
formed by conjugate semi-diameters and the line joining their 
extremities is constant. 

9. Two sides of a parallelogram are fixed in position, and 
one vertex moves on a fixed straight line, shew that the 
envelope of one diagonal is a parabola. 
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10 Analytical Geometry. [j. m. s. 

10. Prove the following properties of a pencil of lines a, b, 
Cj d which are cut by any transversal in the points A^ B^C^B ; 

(1) sin ^ sin ^(? + sin ^ sin ca 4- sin C sin fid = 0; 

(2) sin ab sin cd -|- sin ac sin db + sin ad sin be = ; 
, , ,^AD CD , ^^ AC BC ^ 
(') '^AB'-CB^-"'^ ^^'"^ AB'BB = ^' 

11. If any line perpendicular to the axis of a hyperbola 
is terminated by the asymptotes, the rectangle under the 
segments into which it is divided by the curve is equal to the 
square of the semi-axis minor. 

12. If perpendiculars are drawn from any point of a circle 
upon the sides of an inscribed triangle, the feet of the per- 
pendiculars are in one straight line. Prove this and re- 
ciprocate it. 

13. If two conies have double contact with each other, or 
if they have a contact of the third order, any tangent to the 
one is cut harmonically at the points where it meets the other 
and where it meets the chord of contact. 

14. Two triangles intersect in the same conic ; shew that 
they are co-polar. 

IV. 

Analytical Geometry. 

1. Find the equation of a straight line in terms of trilinear 
coordinates ; what is the geometrical meaning of the several 
constants ? 

2. Perpendiculars are drawn to the lines a = 0, j3 = 0, y = 0, 
at the points where they cut the line 

la-^mP-\-ny = 0; 
find their equations, and explain the result when 
I : m : n = &mA : sin B : sin C 
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i866.] Analytical Geometry. 11 

3. Shew that a straight line is represented by an equation 
of the first degree, when the coordinates of a point are the 
cotangents of the angles which the lines joining the point 
to two fixed points make with the line joining the fixed 
points ; interpret the equations 

4. If jo, q, r are the perpendiculars from the vertices of a 
triangle upon the line joining the centres of the inscribed and 
circumscribed circles, and a, d, c the sides of the triangle, 
prove that 

^ ^ H _j. g^ ^ 0^ 

— a-fd-fc a—b-\-c a-\-b—c 

5. The equations of two tangents to a parabola and of their 
chord of contact being given, find the equation of the tangent 
which is parallel to the chord. 

6. Find the excentricity of an ellipse which is such that 
the vertex of an isosceles triangle whose base is the focal 
radius vector to the extremity of the minor axis, and vertical 
angle = 120°, will fall on the curve. 

7. Two straight lines including a right angle pass through 
the vertex of a triangle. Find the locus of intersection of 
one of them with the perpendicular drawn to the base at the 
point where it is cut by the other. 

8. Prove that -^ — - + ,/ = 1 expresses an ellipse and 

a hyperbola intersecting at {Xyy) orthogonally and confocal 
.,, x^ y« 

^<^^^ + F = i- 

9. Find the condition that the general equation of the 
second degree should represent a curve passing through the 
origin and cutting both axes at right angles in the other 
points where it meets them. 

c 7, 
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12 Analytical Geometry. [j. m. s. 

10. A person wishing to ascertain the dip of a stratum 
hores from a horizontal plane vertical holes at the* three 
comers of a square whose side is ^ ; he finds the depths to 
be respectively a, b, c; determine the dip, and the depth 
of the stratum at the fourth comer of the square. 

11. If 

is the equation of a central conic, shew that the area con- 
tained by a chord whose middle point is (a:', /) and lines 
drawn from its extremities to the centre is 

V being the eliminant of f^^, = 0, ^^ = 0, w^ = 0. 

\% (/-a, tta) {t^j tts) are the focal coordinates of points on a 
conic section, pi the focal distance of the pole of the chord 
joining them ; shew that, if 2 4 is the minor axis of the curve, 

1 ^ _ ^ /' • Cla— ttay 

^ ■" p7 " h^ ^^^ 2 ^ ' 
ItS. Shew that the point of intersection {x, y) of normals 
to the ellipse h'^x^ ■\-a'^y^—a'^¥ = at the extremities of the 
chord whose pole is (a<, /) is determined by the equations 
X _ — y __ «*— 4* 

Find the coordinates of the centre of curvature for any 
point (y, /). 

14. Find the equation of the polar of any point (a', j3', y') 
with reference to the curve 

^a»+5/3» + C'y» + 2i)/3y + 2^ya + 2i^a/3 = 0, 
and determine the coordinates of the centre of the curve, and 
the conditions that it should represent a circle. 

15. Shew how to find the radical axis of two circles whose 
trilinear equations are given. 
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1 866.] Differential Calculus. 13 

V. 

Differential Calculus. 

1. Find the area of a small circle of a sphere ; and if two 
equal small circles intersect each other, find the area common 
to both. 

2. Find the Hh derived function of €***cos?ia?, and of 

-^ J ; and i£ u =z F{xy y) = 0, find -^ in terms of partial 

X -\- Oi dx 

differentials of u. Apply the result to x^ +y^ — &axy = 0. 

3. If x^, and not a?, is the independent and equicrescent 

variable, what are the equivalents ot ~-i ^t -~ ? 
^ dx dx"" dx' 

4. Assuming Taylor's theorem, prove the process for the 
evaluation of indeterminate quantities, and for the deter- 
mination of orders of infinitesimals! 

(^iij^/p' (cot«)> 
2 ) , when x = 0; and shew that 
X ^ 

\— ^—\ =«!«, ...a„, whena?= 0. 

5. Expand a?€®®** in ascending powers of cos a?; and shew 
by the method of derivation that 

6. Find/(^), when/(a?H-^)+/(a?-y) = 2xf{x'-^f). 

7. Investigate a process for finding the maxima and mi- 
nima values of /{x) ; and give geometrical illustrations ; 
shewing the necessity of a change of sign in y*' (x) at the 
critical value. 
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• J 4 Differential Calculus. [j. m. s. 

7. {continued,) 

What is the geometrical line denoted ^Yf'\x) dx^ ? 
Find the pair of conjugate diameters of an ellipse, the 
sum of which is a maximum. 

and f = x' — 2yz, rj = y' — 2zx, C= ^' — 2a^, shew tliat 

9. Find the equation to the cycloid; prove that (the 
starting point being the origin) the normal is the chord of 
the generating circle, and that the radius of curvature is 
twice the normal. Hence find the evolute. 

10. If «^=:0 is the equation to a curve of the second degree, 
to what lines are (^r-) = 0, and (j-) = the equations? 

Also what lines do they represent when u is the equation 
to a curve of the ^th degree ? 

11. Trace the following curves : 

^^ ^ "^ {x + a){x^2ay 

/«x sin 

(2) r = a -.— r^ ; 
^ ^ sm 3 ^ ' 

(3) r*-^2r(c-^aco86)—c{2acos0—c) = 0. 

12. What means do you apply for determining the nature 
of a curve at a given point ? What is the nature at the 
origin of the curve whose equation is 

y* — 2a?y +a?* + 2a^^ — Sfla?'* = 0? 

13. Define, and find the value of the radius of curvature 
of a plane curve. Shew that it is the radius of the circle 
passing through 

fe y)y {x^-dxy y->rdy);(x->r'^dx-^d^Xyy-\'2dy-\-d^y), 
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i866.] Problems. 15 

Find the locus of the extremities of lines drawn from 
a given point equal and parallel to the radii of curvature at 
the several points of the ellipse. 

14. Find the curve in which the perpendicular from the 
origin on the tangent is one-half of the normal. 

15. Find the envelope of the osculating circle of a parabola. 



VI. 

Problems. 

1. Two lines of lengths a and b are drawn from the same 
point and are inclined at an angle d ; from their extremities 
perpendiculars are drawn to each of them : find the area of 
the parallelogram thus formed. 

2. Two numbers end with the same digit; and when they 
are divided by 7, the quotient of each is the remainder of the 
other : find the numbers. 

3. Ellipses are inscribed in a given parallelogram; shew 
that their foci lie on an equilateral hjrperbola. 

4. The sum of three terms of a geometric series is given. 
Find, without using the difierential calculus, what the terms 
of it must be in order that their continued product may be a 
maximum. 

5. If a? is a number less than unity, then 
{(l-^)(l-;r»)(l-^»)(l-ar^) }-^ 

= (l+a?)(H-a7»)(H-a7«)(l-|-a7*) , 

the factors on each side being continued to infinity. 



6. Shew that there is a point on the curve y' = x^—x^, 
^hose abscissa is > 
through the origin. 



9 
whose abscissa is> -- and < 1, such that the normal passes 
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16 Problems. [j, m. s. 

7. In carrying out completely the process of finding the 
G. C. M. between two numbers which are prime to each other, 
the quotients in order are 5 three times and then 3 twice. 
Find the numbers. 

8. From the origin of coordinates tangents are drawn to 
the cycloid ;«?= a (^— sin ^), y = a (1 + cos 6), Shew that the 
coordinates of the point of contact of the tangent touching 
the ^th branch are found by substituting for 6 the value given 

by {(2»-l)ir-^}tan- = 2. 

y 

9. Find a fraction x and a whole number y such that xy—- 

X 

shall be the square of a whole number. 

10. Into a vessel containing a given quantity of a fluid A, 
another fluid B flows at a uniform rate ; the fluids being at 
once completely mixed flow out of the vessel at the same rate. 
Determine the time at which the vessel contains an Tith part 
of the original quantity of the fluid A. 

11. If in a series of numbers (i^h^c^^a^h^c^y.,.a^h^c^y 
any group a^h^c^ is connected with the preceding group a^_^ 
^^_i c^-i by the equations 

l-(-2)« l-(-2)»-i 

shew that «n = ^ ' (^^) ' 

12. C is the centre of curv^ature of the point P of an ellipse. 
A perpendicular is drawn to CP through C, The part of this 
perpendicular cut off by the diameter through P is one-third 
of the radius of curvature of the evolute at C. 

13. Bisect a spherical triangle having a right angle by an 
arc of a great circle drawn through one of the oth^r angles. 
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1 866.] Problems. 17 

14. Find tbe equation to a circle which touches the lines 
a = 0^ /3 = 0^ and the conic a/9 s iy*. 

15. Prove by the method of projections that of all polygons 
of a given number of sides circumscribing an ellipse^ the one 
of least area is such that each side is parallel to the line 
joining the points of contact of adjacent sides. 
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186 7. 



I. 

Algebra. 
1. If iiCi + Ci^i+ai^i = and «, + J, + (?a = 0, shew that 
«2 K Ci K gi ^1 c% ai bi _ 



' and simplify 

2. Solve the equations : 

(1) ^2^+0: + V2^^ = n/^; 



(2) 






(3) 2ir* + ir» + 2a?' + 3ir+18 = 0; 

(4) a''x-\-b^y-\-c^z = 0, 

^2j2 

3. Eliminate « and h from ax =^by = — — j- > and 

4. Investigate a formula for determining the number of 
divisors of a given number. 

5. The number i?o + 10''jOi + 10«jOa + 10»jOs + ...4-10'»"jo^ 
is divisible by 37, if jo© + ;?i + i»2 H- i»3 + . • • + J»« be divisible 
by 37. 
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186;.] Algebra. 19 

6. Shew that i£ a, d, c are unequal and a-\-6-\-c>0 then 



«* + *'H-c'>3aic, and that if a? be real, then — can 

X — 3 

have no real value between 3 and 7. 

7. Sum the following : 

(1) l-fa?(iP+2)+;r«(a?* + 2;r+2)+ip'(;«?' + 2a?' + 2iP-f 2) + ... adinf. 

(2) 1±2^ 1+2 + 3 1+2 + 3+4 

^ ^ 1.2 ^ 1.2.3 ^ 1.2.3.4 ^ 

,„. 19 2 28 ,2<v« 39 /2x» 52 ,2v« 

^^) i:2:3-3+ 2:3^(3) + 3X5(3) + 4X-6-(3)+-*«»^'''°^- 

8. When is it possible to solve an equation of the form 
x^—ay^ = b hy developing ^/a as a continued fraction? 
Solve a?« — 30y» = 1. 

9. Three members are to be elected into the Hebdomadal 
Council, and no elector can vote for more than two candidates. 
What is the least proportion of the whole constituency which 
a minority can be in to be able to return one member, (1) when 
an elector may give a candidate one of his votes, but need not 
vote for more than one ; (2) when an elector may give both 
his votes to the same candidate ? 

10. Shew that 3n is the most probable number to throw 
with 2 n counters, each marked with 1 on one face and 2 on 
the other; also shew that the chance of throwing 3(^ + 1) 
with 2 (»+ 1) counters is less than the chance of throwing 3n 

with 2» counters in the ratio • 

2»+2 

11. Find two fractions such that the quotients of their sum 
by their product and of their difference by their quotient shall 
be both squares. 

1^ Ti. -n 1-3.5 (2r— 1) ^, 

12. K P- = — -— — — ^-— ; — ^ > sum the series 

•^ 2.4.6 2r 
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20 Trigonometry and Theory of Equations, [j.m.s* 

11. 

Trigonometry and Theory of Equations. 

1. Establish the following : 

(1 ) (sin Ay -h 3 (sin Ay (cos Af + (cos Ay = 1 ; 

(2) sec^ + sec(120*' + ^) + sec(120*-^) + 3sec3^ = 0. 

2. If A^ BfCoxe the angles of a triangle, 

cos 3 A cos 3 B 



sin (A-B) sin (^- C) ^ sin (B - C) sin (B-A) 

cobSC 



sin (C-^ sin (C- 5) 



= 4. 



8. If 5, r, r^, Tf,, Tc are the radii of the circumscribed, in- 
scribed, and escribed circles respectively of a triangle, and C 
one of the angles, then 4 5 cos C = ^ -f « + ^6 —^c 

' 4. li D, E,F are the points in the sides of the triangle 
ABC where the perpendiculars from the opposite angles meet 
the sides BCy CA, AB respectively, and if is the point of 
intersection of these perpendiculars, then 

AO BO CO ^ / 



COS A QosB cosC cos -4 COB -B cos C 

where R and / are the radii of the circumscribed and in- 
scribed circles of the triangle BJEF. 

5. On the sides a, d of a right-angled triangle as diameters 
circles are described ; shew that the sum of the distances of 

their common tangents from the right angle is ^^ — ~- • 

6. The base BC of a triangle ABC is fixed, and the vertex 
A moves on the circumference of a circle which touches BC at 
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1867.] Trigonometry and Theory of Equations, 21 

its middle point J^, and whose diameter is equal to BC; 
shew that 

sm 2 AAB = . \^ — ^ . 
sm{£+C) 

7. Prove De Moivre's theorem ; and shew that 

(sm-) +(sin— ) +(sin— ) +(smy) +(sin-) +(sin— ) =2^. 



8. Find the continued product of 

A ^ A ^ A 

— > 1+sec- 
2 2 

and verify the result hy equating A to zero 



1-hsec^ l + sec — > 1+sec — > 1+sec-— j^; 



9. In a spherical triangle shew that 

,,. J cos a —cos J cose 

(1) QOsA = ^-j—, ; 

sinosmc 

/ox / V cosi(^--Bi-C')cosi(^ + -B-0 

(2) (cos -) = ^^ s — p . t; ' • 

10. Solve the equations : 

(1) a?« + 6;r» + 49 = 0; 

(2) ;r» — 9a?— \/54 = 0; 

(3) ;r* + 4a?' + 5a?'' + 2iP--6 = 0; 

(4) a?* — 9ar» + 81ir + 81 = 0. 

11. If x^, x^y a?8 are the roots of x^ — 3px-\-q = 0, then 
S{(ira + ir8)'-2a?i(a?,-ha?x)(iri+a?,)} = eOtJ+y). 

12. Transform the equation x^—px^-^-qx-^r = into one, 
the roots of which are the squares of the differences of the 
roots of the given equation. Hence shew that the given 
equation has imaginary roots Hl p* = 3q. 
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III. 

Geometry, 

1. Similar triangles have to one another the duplicate ratio 
of their homologous sides. 

% Through any point in A^ the perpendicular on the 
hypothenuse of a right-angled triangle ABCy OB^, OCi, 
B^ OC2 are drawn parallel to ABy AC, BC respectively meeting 
AC in 5, 5a, and AB in Ci (7^ : shew that -B^ -B, has to C^C^ 
the triplicate ratio of AC to AB. 

3. If a solid angle is contained by three plane angles, any 
two are together greater than the third. 

4. Similar polygons inscribed in circles are to one another 
as the squares of their diameters. 

5. The perpendiculars of a triangle ABC meet the opposite 
sides in A\ B^y C \ shew that the circles described about the 
triangles ASC'y BC'A\ CAB^ are together equal to 8 times 
the semicircles described on the perpendiculars from the centre 
of the circumscribing circle upon the sides. 

6. The radical axis of two circles having each of them 
similar contact with two others, passes through their external 
centre of similitude. 

7. The locus of the intersections of lines drawn from the 
extremities of a variable diameter of a circle to two fixed 
points on the circle is a circle whose centre is the intersections 
of the tangents at the fixed points. 

8. Prove that the rectangle contained by the distances of 
the foci from any tangent of an ellipse is constant. 
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1867.] Algebraical Geometry. 23 

9. Given in position one focus and a tangent, and in length 
the transverse axis of a hyperbola ; find the locos of the other 

focus. 

10. A pencil of lines O.ABCD is cut by a transversal in 
ABCD. Shew that 

(1) BC cot OAD+ OA cot OBB-^AB cot OCB = ; 

(2) emAOBemCOB-^ sin AOC sin DOB -j- sin AOBsinBOC^O. 

11. Deduce a property of the parabola by reciprocating the 
following theorem : lines joining the extremities of a pair of 
diameters of a circle are parallel. 

IS. Given a conic and a right line ; shew how to project 
the conic into a circle, and the right line into the line at 
infinity. Hence generalize the theorem that a chord of one 
circle which is also a tangent to a concentric circle is bisected 
at the point of contact. 

13. Prom any point P in a hyperbola, FN, Pn are drawn 
perpendicular to the axes, and PM, Pm to the asymptotes ; 
prove that Nn and Mm are perpendicular to each other. 



IV. 

Algebraical Geometi^, 

1. Shew that the area of the triangle contained by the lines 
(l+ic)a? + (l-(?) ^ + (1+*) (2c)* = 0, 
(1 + ^) ar + (l+<?a)^4-(l— «) (2c)* = 0, 
(1-*) ^ + (l+«) y^{\+ab){2c)^^0, 
is a-\-b'{-c-\'ahc. 
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24 Algebraical Geometry. [j. m. s. 

S. Find in tenns of polar coordinates the equation of the 
chord of a conic, the focus being the pole ; and its euTelope 
when the angle subtended by it at the focus is constant. 

3. What do the equations of a straight line^ a circle^ and of 
a conic respectively mean when the point {x, y) in terms of 
which they are expressed is not on the curve ? 

4. Find the locus of the intersection of two tangents to an 
ellipse the product of the perpendiculars on which from the 
centre of the ellipse is equal to the product of the semi-axes. 

5. Prove that the lengths of tangents drawn to an ellipse 
from a given point are to one another as the diameters to 
which they are parallel. 

6. Discuss the following : 

(1) 12a?» — 7ary-12^«-35a?-f 5y = 0; 

(2) a?«-.10arjr-|-y" — 4a? — 4^— 2 = ; 

(3) - = 2+008^-1- \/3sind. 

7. If ax^-\-1hxy-\-ly^'\-\ = represent a hyperbola, then 
its equation referred to its asymptotes, as coordinate axes, 
will be 4 (^« - ah) xy = \/(a-*)' + 4^" 

8. Normals are drawn to an equilateral hyperbola from a 
given point ; shew that the sum of their squares is equal to 
three times the square of the distance of the given point from 
the centre of the hyperbol^. 

9. Lines are drawn from the internal centre of similitude of 
two circles to the points of contact of an external common 
tangent ; shew that if a, ^, y are the angles which these lines 
and the tangent make with the line joining the centres of the 
circles, then cot a4- cot j8 -f 2 tan y =i 0. 
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10. K from a fixed point A chords are drawn to a conic 
intersecting it in B, Iffy and a fourth point A! is taken so that 
the anharmonic ratio of ABB' A is constant, shew that the 
locus of A' is a conic having double contact with the given 
conic. 

11. Normals at the extremity of a focal chord of the ellipse 

— - + 4r — 1 = intersect the polar of the focus and each 

other at points whose ordinates are y^y y^j y^ ; y(y y^\ y/ are 
similar ordinates for a focal chord at right angles to the first ; 
shew that 

12. Determine the condition that the general equation of 
the second degree in trilinear coordinates may represent an 
equilateral hyperbola. 

Equilateral hyperbolas are described about a given tri- 
angle ; then the locus of their centres is the circle that passes 
through the middle^points of the sides of the triangle. 



V. 

Differential Calculus. 
1. If - = 2 +A/22cosa?, then ^-^y^^y'^^y, 

if 

9,. Obtain the equation equivalent to 

..^ +2^.(^+1)^ +«=0 

when - is the independent and equicrescent variable. 

JO 



E 
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26 Differential Calculus. [j. m. a. 

3. Enunciate and prove Maclaurin's theorem. Expand by 
it y in ascending powers of x when 

(1) y = (sin-V^)^ 

(2) y' — 3a?j^»-|-ii?» = 0. 



/X 



v^a2-«2 



4» Evaluate (-) , when ar = a ; and shew that if 

, ^ J « tanfl«p-ftania?+tanc;i? 

ei + d-i-c = and ar = 0. — r ^ =r— : = 1. 

tan ax tan 6;2r tan c;r 

5. Two similar ellipses are such that tiie major axis of the 
one coincides with the minor axis of the other both in length 
and direction ; shew that the maximimi chord of the larger 
ellipse which touches the other is equal to the line joining the 
extremities of the axes of the larger ellipse. 

6. If u =y*(/, nty n), and 

, y^z z—x x—y ,. 

I = > m = > n sx ^ , then 

X ^ z 

(.+»..)(J)+(.-«)(*) + (.+»)(J) = o. 

7. Define order and class of a given curve ; if the order 
of a curve is n, what is its class ? Find the first polar curve 
of x^+y^^6axy = 0. 

8. Trace (1) r^^^.l 

(2) r'= 2a'sec2dtanfl. 

9. When x is equicrescent, 

±-(^\' + (^\' 
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10. The radius of curvature at any point of 

varies as the square of the length of the normal intercepted 
between the point and the axis of abscissae. 

11. The involute of a circle rolls along a given straight 
line; prove that the centre of the circle will trace out a 
parabola. 

12. Find the envelope of the radical axis of two circles of 
given radius^ the centre of one being fixed and the centre of 
the other being always upon a fixed right line. 



Problems. 

1. If each of two pairs of the equations 

ax^ +bx'\-c •= 0, 
bx^-^cx-^a = 0, 
cx^-^ax + b = 0, 

have a common root^ shew that the third pair has also a com- 
mon root; and if they all have a common root, 

a^^b*'\-c^^3abc = 0. 

2. Two chords of a circle intersect at right angles. If the 
length of one of them be to the radius as \/2 : 1, then the 
diflference of the segments of the other is equal to the former. 

3. l{ A-i-B-\'C={2n+l)TT, shew that 

sin A, sin B, sin C 
cos A, cos By cosC 
sin 3 J, sin 35, sin3C 

E 2 



= 0, 
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4. In a spherical triangle, if 

cosfl^ cos - = COS (5 + -), then A = 2B. 

6. K from any point without a triangle ABC a tangent is 
drawn to the inscribed circle of which the radius is r, and 
a, p, y are the portions of it intercepted opposite to the angles 
Aj By C respectively, then 

a'tan— + )3«tan — +y»tan — = — • 
2 -T-i- 2 ^ 2 r 

6. PQ, PR are tangents to a parabola, such that PQ.PR 
varies as 8P, 8 being the focus ; then the locus of P is 
a parabola having the same parameter as the given para- 
bola. 

7. Through the extremity of the major axis of an ellipse a 
chord AP is drawn ; the line joining the focus of the ellipse 
remote from A to the pole of AP cuts AP in Q ; and a line 
through Q parallel to the minor axis meets the curve in li : 
shew that (cos ASQY = cos ASR. 

8. A parabola and its circle of curvature at any point have 
in general only one chord of intersection. Prove this, and 
shew that the points where such chords are met by perpen- 
diculars from the vertex lie in a cissoid. 

> 

9. If o> is the angle between the axes of coordinates, then 
the equation of the directrix of the parabola 

is a? (a -f J cos w) +y{a cos (a-j-b) = ab cos a>. 
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10. A given ellipse slides between two g^ven straight lines 
at right angles to each other ; shew that either focus wiU trace 
out the curve 

,(..-», = (tfi)V('-:z£:)-, 

2 a, 2 b being the axes of the ellipse^ and the given straight 
lines the axes of coordinates. 

11. The focal distances of three points of a parabola are in 
arithmetic progression ; shew that the normals at these points 
intersect in a semi-cubical parabola. 

12. Hnd f{x) when/{x)/{y) -f{xy) = a? +y, ar and y being 
independent. 
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I. ^ 

Algebra. 

1. Prove that 

is divisible by (y+^) (^+^) (^+y)« 

2. Extract the square root of 

(1) (^/3+^/2)»-4^6(^/3-^/2); 

(2) 2a + 2\/a*-*^— c' + 2ic. 

3. Solve the equations : 

^ ^ 8a;«4-4a?*4-2a?+l 2' 

(3) (2a?-l)(a? + 6)(«?-9) + 2(a?-l)(a? + 9)(a?-12) 

-(2a?-3) (a?+ 15) (a?-6) = ; 

,- 1 — \/ri^ \/l+a?+A/l— a? 

(4) . = « y / ; 

1 + Vl— a?* Vl-l-a:— Vl— a? 

(5) 2a?'» + 27a?» = 54. 
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4. State and prove the rule for converting a circulating 
radix fraction in any scale of notation into a vulgar fraction. 

Express - as a radix fraction^ 7 being the radix. 

o 

OS 

5. Expand . in a series proceeding by ascending 

V ^ 1 "T fl? j 

powers 01 • 

6» Sum the following series to n terms : 

3 6 9 

5.8.11 "^ 8.11.14 "^ 11.14.17"'"** ' 

7. Find the number of ways in which m things can be 
distributed into n compartments^ n being less than m^ and 
it being understood that no compartment is to be lefb alto- 
gether empty. 

8. The series of pound weights by which the greatest 
number of pounds continuously can be weighed is 1 lb., 3 lbs., 
9 lbs., 27 lbs., etc. 

9. Determine the number of numbers less than a given 
number JV"and prime to it. 

How many roots has the equation ^=±1, which are not 
roots of unity of any lower denomination than N ? 

10. Kthe equation a?*— iVy* = — 1 is resoluble in integral 
numbers, - is a convergent to ^/N, 

Also given the least solution of the equation, shew how 
to find all the solutions. Example ; ar« — 1 3y » = — 1 . 

11. Prove the following : ' 

(1) The 18 th power of any number not divisible by 3 

is of the form 27m-\-l ; 

(2) If n be any integer, 3='*— 8^— 1 is divisible by 64. 
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32 Trigonometry and Theory of Equations, [j. m. s. 

12. Find the series equivalent to the product 

(1 -fa?) (1 +0D^) (1 +fl?*) (1 + «?") (1 -l-a?^') ... ad inf. 

13. IS Cqj c^y c^ c^ be the coefficients in the expansion 

of (l-fa?)", shew that 

Co e?i e?a c^ 2*'+«— ^— 3 

-+-7rT+T^ + + 



1.2 2.3 3.4 ^+1.7^ + 2 {n-\-\).{n^2) 

14. Find the sum of n terms of the series whose ^th term 
is p times the sum of all the preceding terms. To what 
practical use is this series put ? 

15. A man has left his umbrella in one of three shops^ 
which he visited in succession. He is in the habit of leaving 
it, on an average, once in every four times that he goes to a 
shop. Find the chance of his having left it in the first^ 
second, and third shops, respectively. 

II. 

Trigonometry and Theory of Equation's, 

1. Establish the following : 

(1) 16 cos 6° cos 42° cos 66° cos 78° = 1 ; 

(2) tan-(^£-i)+tan-i^ 

+--(v1+')=^- 

2. If By d be the diameters of the circumscribed and in- 
scribed circles of a regular polygon of which aj is a side, then 

3. If «, by c be the sides of a triangle opposite to the angles 
Ay By Cy aud r, r„, r^, r^ the radii of the inscribed and escri])ed 
circles, then 
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B-C 

cos -5^ 

(1) -^ 



cos (60°-^) cos (60°- ^) 

C-A A-B 

cos . COS 



= 4; 



COS (60°--) cos (60°-:^) co8(60°-:|)cos(60°-:|) 

^ B. C ,. C . A , ^ A^ B 
atan — tan — + otan— tan— +ctan — tan — 

(2) 2. = I I I 1 I i; 

tan— -ftan— +tan — 
2 2- 2 

. . __ ab^ be ca 

4. Given two sides of a trismgle a, b and the angle A, solve 
it^ a being less than b. 

Shew also that the difference of the two values found 
for the third side is 2 a cos B. 



5. If the sides of a triangle be represented by 

X y y z z X 

- + -> - + -> -+ -> 
y z z X ^ y 



then the area = a / - + - H 

V y z X 



6. Expand tan-* a? in terms of ascending powers of a?, and 

•^"" ..^..+^,^^ =H 

where e is the base of Napierian logarithms. 

7. Prove that 

1 ^3 cos d + 5 cos 2^—7 cos 3^+ ... 

... + 2 (3 sin d— 5 sin 2^ + 7 sin 3d— )« = 0, 

both series being taken to infinity. 
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8. If a, b, c be the sides of a spherical triangle opposite 
to the angles A^ B, C, and R the radius of the circumscribed 
circle^ then 

,^. sinflj sini sine ^^ 71 ^ ^ <? 

(1) -, — J = -^ — 5 = -: — 7v= 2taniccos -cos-cos-; 
^ ^ sin^ sin5 smC 2 2 2 

/«x i ^ cosi cose?— cot -Boot (7 

(2) cot^ = — 7 — r^ 7-7,; 

^ ' cos d cot ^H- cose cot (7 

also deduce the corresponding properties of a plane triangle. 

9. K (Ox, a?„ a?,, a?^ be the roots of 

a?* — ac' + bx^ --abgB + rf = 0, then 

10. Solve the equation a?»— j'a?— r = 0, when j and r are 
positive, and 27r^ less than 4 j\ 

11. Solve 

(1) a?»-12a?-8 = 0; 

(2) a?» + 9« + 6 = 0; 

(3) 16a?*-96a?» + 144a?«-81 = 0; 

in (3) there are two equal roots. 

III. 

Pure Geometry. 

. 1. State and explain Euclid^s definition of the sameness of 
ratios. 

2. The rectangle contained by the diagonals of a quadri- 
lateral figure inscribed in a circle is equal to both the rect- 
«angles contained by its opposite sides. 

Give Euclid^s proof of this theorem. Shew also that it 
can be deduced from the identical equation 

AB.Cl)^Aai)B + AD.BC = 0, 
connecting the distances between four points on the same 
straight line. 
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3. Draw a straight line perpendicular to a plane &om a 
given point above it. 

4. Determine the circle which shall pass through a given 
pointy and with respect to which a given point and straight 
line shall be pole and polar. 

5. A system of circles has the same radical axis, but this 
axis does not meet any of them. Shew how to find the circle 
of the system which passes through a given point. 

6. Prove the following properties of the parabola : 

(1) The locus of tiie feet of the perpendiculars let fall 

from the focus on the tangent is the tangent at 
the vertex; 

(2) A circle circumscribing a triangle circumscribed to 

a parabola passes through its focus. 

7. Shew that in a hyperbola (1) the area contained by the 
asymptotes and any tangent is constant; (2) the conjugate 
diameters of the hyperbola are pairs of harmonic conjugates 
of the asymptotes. 

8. Pairs of tangents drawn to an ellipse from any point 
outside it make equal angles with the focal radii vectores of 
the point. 

9. Given in an ellipse a focus, a tangent and its point of 
contact, and a tangent ; find the centre, the other focus, and 
the vertices of the ellipse. 

10. AX and BT are equal arcs of a circle measured in 
opposite directions from two fixed points A and B on the 
circumference. K P and Q are two other fixed points on the 
same circumference, prove that the locus of the intersection 
ofPX, Q Z is an equilateral hyperbola; and determine the 
directions of its asymptotes. 
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« 

11. ABCB ,., , ABC'If ,,, are two homographic divisions 
upon the same straight line. Shew that if 

the two divisions are in involution. 

12. Shew that two involutions on the same line^ of which 
both have not real double points^ always have a segment in 
common. 

18. The polars of any point P with respect to a system 
of circles having the same radical axis^ all pass through the 
opposite extremity of the diameter of the orthogonal circle 
passing through P. 

Prove this theorem^ and reciprocate it with respect to a 
circle having its centre at P. 

14. Tangents &om the vertices of a triangle ABO are 
drawn to a conic section^ and meet the opposite sides in the 
points a^ a^, b^ 5,, c^ c^ respectively. Prove that a conic 
section can be drawn through these six points. 

15. A system of conies passes through four fixed points^ 
through two of which a conic C is drawn. Prove that the 
chord of intersection of C with any conic of the system 
continually passes through a fixed point. 

IV. 

Analytical Geometry. 

1. Find the condition that the two straight lines 
^a? + 5y4-C= 0, and ^ar+-B>+C^ = 0, 
may be at right angles^ the angle between the axes being ». 

% Under what conditions will |^--f- ^ — i) = 2kxjf repre- 
sent a circle ? If » be the inclination of the axes^ shew that 
the radius = a tan - • 
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3. Frove analytically the hannonic properties of the com- 
plete quadrilateral. 

4. The directrix of the parabola 

is given by —p: ^ = ; and the focus by 

va we 



f _ y i_ 

d e a-^-c 

5. Investigate the conditions that the general equation of 
the second degree between x and y, shoUd represent (1) two 
straight lines, (2) two parallel straight lines, (3) two coinci- 
dent straight lines. 

6. If from any point in the plane of an ellipse a perpen- 
dicular be let fall upon its polar^ the two confocal conies which 
can be drawn through the foot of the perpendicular^ will touch 
at that point the one the polar, tiie other the perpendicular. 

7. Normals are drawn to a parabola from a given pointy 
and perpendiculars are let fisdl on them from the focus; shew 
that the sum of the squares of the perpendiculars = 2{x—m) 
{x-'2m), X being the abscissa of the given point measured 
from the vertex, and 4 m the latus rectum. 

8. From a given point as centre circles are described catting 
an ellipse. Shew that the locus of the middle points of the 
common chords of the circles and the ellipse is an equilateral 
hyperbola, passing through the feet of the normals drawn from 
the given point to the ellipse. 

9. Obtain the equation of the circle that passes through any 
three points of a hyperbola. Also deduce the equation of the 
evolute, and the length of the radius of curvature. 
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10. Perpendiculars from the angles of a triangle meet the 
opposite sides in D^, i>„ -D, ; if Oi, 0„ 0, be the centres of 
the escribed circles, shew that D^ Oj, Zf, 0„ i>, 0, meet in a 
point which lies in the straight line joining the centres of the 
inscribed and circumscribed circles. 

11. Prove that the equation of the polar of the point a'/3'/ , 
with reference to tiie conic -F= 0, is 

«-^-^^-^+>'-^ = ^- 

12. Find the condition that 

l(X'\-mfi'\-ny = 
may touch the conic -F = 0. 

IS. Tangents are drawn to the co^ic LM ^ R^, at the 
points where it is intersected by the lines 
L = yiRy L = i^R. 
What is the locus of the intersection of these tangents, if 
«/ui+ifi'+<? = 0? 

14. If the coordinates of a straight line be the reciprocals 
of its intercepts on two rectangular axes, find the tangential 
equation of a circle, of which the origin is the centre. 



Differential Calculus, 

1. When is a function of a variable said to be continuous? 
What are the values of x for which the following functions or 
their derived functions become discontinuous ? 



V 



10 10 3 



X a?4-l x-\-2 
6ec-"i(;r« — 3wa?+27r*). 
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2. Eliminate x from the equation 

dx- ^^ dx- ^^''^^dx^^' 
given X = sin^+eos^; 

and Xyyy z from the equation 

given or = r sin^cos^; 
y = rsin^sin^; 
;2r = r cos ^. 

8. Prove Taylor's theorem. 

Find an expression for the remainder after n terms of the 
expansion of k^ cos x^ and apply it to prove that the expansion 
is convergent for all values of x, 

4. Expand sin ( - €*) in ascending powers of x. 

6. If ^(a) = 1, and t/r {a) = oo, in what cases is the limit of 
the expression [<^ (a?)]'''^*^ for a? = a, equal to 1, less than 1, 
and greater than 1 ? 
Evaluate 

acos^ + 5sin2^ ^ ^ v 



'f 



when ^ = - ; 



a»f ' 2' 

V-^r--^^ > when. = 3^; 

[sin (1 —a?)] *■"*, when a? = 1, 

6. Find the maximum and minimum values of the sum of 
the ^th powers of conjugate diameters of the ellipse 
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7. The curves ^ 

have singular points at an infinite distance from the origin; 
investigate the nature of these points. 

8. Find the equation to the tangent to the curve 

(aH-d)y = r 7 

"^ ^^ x—a x — b 

at its point of inflexion. 

9. Find the equation to the normal of a curve referred to 
polar coordinates ; and apply it to determine the polar coordi- 
nates of the point of intersection of normals at the extremities 
of a focal chord of a parabola. 

10., Trace the curves 

1 1 __ 1 

\/x -v/y "~ ^^ 
r = €«°*^; 
and determine the motion of the singular points of the curve 
{ay—x^y = a{xy—a^y. 

11. Shew that p = r^-* 

dp 

If pi> P% be the radii of curvature at the extremities of a 
focal chord of a parabola^ of which 4;^ is the latus rectum^ 
then (p, Pa)* = (2«»)* (pi*+Pir*). 

12. Shew that the cycloid is the envelope of the curves 
obtained by the giving different values to a in 

y = aa? + 2e?cot""*a. 

13. If a series of curves have the same evolute, they all have 
the same number of points of inflexion^ which lie upon an equal 
number of straight lines. 
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VI, 

Problems. 

1. K 28 := a+b-\-C'^dy 2(r = a + )3-fy4-^ 
shew that 

(*-a) ((r-a) + («-i) (^-^)4.(*-.(?) ((r-y) + («-rf) (cr-S) 

2. Any polygonal number of order r, multiplied by 8 

y O 

r r^, and increased by unity, makes a square number, 

3. The sides of a triangle are such that 

a b c 



shew that the angles opposite to a and b are 

2 tan~* — and 2 isixr^mn. 
n 

and that the area is be. 

4. The wth fraction convergent to 
1 1 1 



2cos^— 2cos^— 2cos^— 
sin9»^ 



5. Shew that 

\-l \ L_ I 

tcot^+ tan^+ cot^+ ''J 

}tan(?+ —1— -— L A-T-} = tan»^. 

( cot^-f tan^+ cot^+ ) 

6, If AA^^ BBi, CCi be arcs of great circles bisecting the 
angles of a spherical triangle, and meeting the opposite sides 

a 

Digitized by VjOOQ IC 



42 Problems. [j. m. ». 

in Aiy Bi, Ci, and ^ the radius of the circumscribed circle^ 
then 

(1) sin.^itan£= 2 sec- sin -sin-; 

2 2 2 

(2) cot Alt + cot BBt 

A B 

cos-— <50S-;r 

2 2 

cos^— oos5 ,^^ - 
+ cot CCi = : 

C 

cos--- 
2 

deduce the corresponding properties of a plane triangle. 

7. Pi &P, is a focal chord of a conic of which S is the focus 
and A the vertex; AP^^ AF^ meet the latus rectum in Q^, Q, ; 
then half the latus rectum is a mean proportional between 
8Q, and SQ,. 

8. If c^y Ct be the lengths of the normal chords at the 
extremities of a focal chord of a parabola of which I is the 
latus rectum, then (t?i~'4- <?,""')' = (fci <?,)""•. 

9. Fairs of tangents to the cissoid^ 

^=2"7=^' 
including a right angle^ intersect in an ellipse. 

10. The radius of curvature of the curve y = log sec« is 

If 
equal to — > where N is the length of the normal cut off by 

the axis and y the ordinate. 

11. A straight line moves between two fixed straight lines 
at right angles to each other; if the middle point of the 

straight line lie on the curve (-) -f (-) = 1, then the straight 

line will always touch an ellipse. 
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12. If a, /3, y be the angles subtended at any point by the 
sides of a triangle^ find the loci represented by 

(1) cosa + cos/3H-cosy = 1; 

(2) cosa-fcosj3-f cosy = — 1. 

18. A rectangular piece of paper ABCD is turned over so 
that A coincides with Cy and B with D, and is then flattened 
out. Shew that it is possible that the figure thus formed may 
be a regular hexagon ; and determine the condition that this 
should be so. 

14. The harmonic triangle of a quadrangle is given^ and 
one of the four points of the quadrangle ; determine the re- 
maining three. 

15. A system of circles passes through a fixed pointy and 
cuts a given straight line in involution; prove that the circles 
ail pass through a second fixed point. 

16. Given a circle and a point; find the radical axis of the 
system of circles to which the given circle belongs, and of 
which the point is a limiting point. 

17* Two parabolas can be drawn through four points on a 
circle; shew that they have their axes at right angles to one 
another^ and parallel to the bisectors of the angles contained 
by any pair of chords through the four points. 

18. A conic cuts the sides of a triangle in the six points 
^i ^2f *i *a^ ^1 ^a« -All of these but one being given, shew how 
to determine that one with the ruler only. 
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Alg^yra. 

1. A man borrows PjP at r per cent, oompomid interest^ 
and investB tlie sum in the / per cent, stocks^ the half-yearly 
dividends in which he immediately invests in the same stock« 
After the end of the fourth year^ the stock rises in value 2 
per cent. He then sells out^ and^ after repaying the loan 
with its accumulated interest^ has QjP left. But if the stock 
had not risen in value^ he would have only just enough to 
repay the loan with its interest. Given P, Q, r, find the cost 
and percentage of the stocks in which he invested. 

Let X =z cost of stocks^ 

P {l + — -} = amount of loan with int. after 4 years^ 

p.l£5{l+_rl}'= stock ; 

m I 200J ' 



w ^ 200^ 



or 



/=200{^l+^-l}; 

Q-^ + Too) 



and fl, = _{l + _} 
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2. Eliminate x, y, z from 

^ a z h X c 

lll= ill:=L^{ = r) (1), 

y—z z—x x—y 



^^+£^ + ^ = ^ + ^ + 4 (3). 

z^ x^ ^« fc ca ab 

Prom (1) 

"~ xy—xz^yz—yx-hzx—ztf 

from (2) x^f -{-fz^ H- 2r«a?« = -^^ (a + i + <?), 

a^0 = — ai<?. (4) 

Again^ from (1), 



(y a\ /Z o \ /X C\ 

(y-«) (2-») (i»-y) 



_ '^1^'^x'y*!* yz zx ay 

_ ay2^ ac yg la zx <A ay ^^ ,gv 
(y_«) («_a,) (a,_y) 

= 7 w w \ from (4); - 

iy-z) {z-x) (x-y) 
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one of the factors f-^z, z—w, »— jr = j 
put y^z^O; 

.-. from (1), ^ + - = 0, and a? = — a ; 

.-. from (4), y« = jzf« = fc; 

.-. from (2), — +^ = — + -^; 

or flf' + Jc = a(J+c). 

3. Solve the equations : 

(1) ar(a?-l)(a?-2)-flf(a-l)(a-2) = 0; 



40 



(2) 



(3). 



^2ab y _ 2ab 



(a). 



c-=b)'-(^'-c-^)' «"^ 



X* 32 

(a?+y)t=-— ay, 



54^ ar^ y*— a?* y*+a?* 






(1) flj is clearly a root, 

.\ dividing by ar— aj, 

a?« + (a— 3)a?4-«* — 3flf + 2 = 0; 

whence a? = = r . 

a? 2aJ 2a4 a?. 

(2) from(a), ^^3^+ — = ^^-^.-, 



/ X y} ^ab X /2aby^/ 2 ah y a?' ^ 
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„ ,^. ^ab X / 2ab v« x 2ab x» a* 

••• ^ = ^=-1 ^ = T <>r ; 

y 2ab a 

whence x and y are fonnd. 
(3) from (8), g.(£=iO_*=,2^; 

.'. 65(»— y)*= — lOSagf; 
from (y), 65 (a^4-y)* = — 32a!y ; 

• • Va?+y " 8 ^ 

a?— ^ 9 9 9 ' 

•'• —7^ = 7 ^' 7« ^^ 7«> 
fl?+y 4 4 4 

where 1, a, o» are the 3 values of ^l ; 

X 13 
if we take the first value, we find - = > 

y ^ 

13 5 

whence from (y) or (6), a? = — ; y = — - • 

2 2 

4. K a series of terms in arithmetical progression is col- 
lected into groups of n terms^ then the sums of these suc- 
cessive groups will form a series in arithmetical progression 
whose common difference is n} the original common difference. 

Let a be the first term of any group^ h the common diffe- 
rence of the series 

a r. ; z »(» — 1)6 

8^ = flj+a-f 6+...-f«4-« — 1.* = na-^ €% > 

a 

»(»— l)i. 



8^ = a + ^64-a+;i+l.J-f...-f a4-2^--1.6=?j(aH-«6) + 
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iS66.] Algebra. 51 

5. Sum the series 

2-f4a? + 7a?« + 12d?» + 21a?* + 38a?»+... to n termsj 
and find the value whieh x must not exceed in order that 
tlie nth term may be greater than all the foUowing terms to 

infinity. 

8^ = l4-2a?+3«« + 4a?» + ... + l+2a>4-(2a?)« + (2a?)«4- ... 
- ^ 1 

* (1— fl?)« l-a?"^ l-2a? ' 

and «th term = «a?*"' +(2a?)*-* ; 

if 2» + 2">- -|.,^__ + 



l-x ■ l-2w (1— a?)' 
dividing by a;*-*, and adding » + 2""* to both sides : 
this will always be the case if 

2<r-^> 

• u^ ' ^^ 
i.e, n X IS > T • 
• 4 

7 What is the best number to back in 

throwing four dice ; and on what other number are the odds 
the same as on eight ? 

The coefficient of xT in (aj*H-a?*+a?'+«*4-a;'H-a?*)* gives 
the number- of ways in which the number r can be thrown 
with 4 dice, 

the greatest coefficient is that of x^*, 
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14 is the best number to back. 
Also the coefficient of ^*<^ is the same as that of x*, 
20 is equally likely to be thrown with 8. 

Note. We may obtain a confirmation of the above result by 
taking the average throw ; 

the sum of the dots on the 6 faces of a die is 21, 
.*. the average number is 3^ ; 
,'. the average throw for 4 dice will be 14. 

8. There are ten counters in a bag marked with numbers. 
A person is allowed to draw two of them. If the sum of the 
numbers on these two is even^ he receives as many shillings; 
if odd^ he pays as many. Is the value of his expectation 
greater when the counters are numbered from to 9 or from 
1 to 10? 

1 1.2 

Chance of drawing any particular two = = -— — ; 

1.2. 
value of receiving expectation with counters marked from 
to 9 
1.2 



10.9 



{0 + 2-1-0 + 4-1-0 + 6-1-04-8+1 + 3 + 1 + 5 + 1+7 



+ 1 + 9 + 2 + 4 + 2 + 6 + 2 + 8 + 3 + 5 + 3 + 7 + 3 + 9 



+ 4 + 6 + 4 + 8 + 5 + 7 + 5 + 9 + 6 + 8 + 7 + 9} = 4; 
BO value of losing expectation = 5 ; 
.*. value of whole expectation = — 1. 

If the counters are marked from 1 to 10^ 
value of receiving expectation = 4f ^ 
value of losing expectation = 6^ ; 

.'. value of whole expectation = — If ; 
. the value of his expectation is greater in the first case. 
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12. Prove the following properties of nambers : 

(1) All cubes are of the form 9si or 9si+ 1 ; 

(2) »(»+l)(»+2)(5»'—l) is divisible by 24. 

(1) All numbers are of the form Sn or 3n± 1 ; 
(3»)» = dm, 
(3»±1)» = 9«'±1. 

(2)«(»-fl)(» + 2)(5»«-l) = «(»+l)(iH-2){4»« + (ii+l)(«-l)} 
= 4««.«(»+l)(»+2) + («+l)(»- !)«(»+ 1)(«4-2); 
and i»(»+l)(»+2) is divisible by 1.2.3^ 

(«— 1)91 (»+!)(« + 2) is divisible by 1.2.3.4. 

14. The equation a?— va«+a:"s= . is satisfied 

either by a? = oo or a? = — tf . = • But if the equation 

is solved the latter root only appears. Explain this. 

aj»(fl^«+fl,«) = (««+««-«a")* =r fl?* + 2 (1— »)a«a?« + (l— «)«a*, 
' or 0.a?*-h(2»-l)a«a?»-(l-««)*a* = 0; 
a;' = 00 is a root of the equation. 

15. Sum the series 

(1) 1.3.2* + 3.5.3« + 6.7.4»+ to » terms; 

,^, 3.6 4.7 5.8 

(^) 6:8 +.1235 + 21:24+ to«terms; 

('> 2l + 3X3 + 4X3^ + 5-:6:3^+-*^^*^''^- 

(1) 5=2 (2»+ 1) (2«+ 3) (»+ 2)« 
= -2(2;^+l)(2»+3){(2»— l)(2« + 5)H-4(2» + 5)+l} 
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= ^S.(2« + 5)W + 2(2»+5)W+is(2» + 3)(') 

(2« + 5)(') (2a+6)C) ^ (2« + 3)C) ^ ^ 
= 40 + 8 + 24 +'^ 

^ (2»+3)(2>t + l)(2>t-l) 5 (2« + 5)(2«-3) , g^^ , ^ , 1), p 
8(5 3} 

= -^i^±M±^l)(!lzi){,2». + 42«+35} +a; 

7 
put » = ; .*. C = - • 

(2) g^v («+3)(«+6) ^^ (» + 3)'(»+6) 



(»+l)(» + 2)(«+4)(« + 5) («+l)(a + 2)(« + 3)(a+4)(»+l 
_ (»+3)(«+4)(»+5)-(»+4)(«+5)+«+5 + («+l)(»+8) + 3(»+l)-H 



(a+1) (a + 2) (a + 3) (»+4) (»+5) 

=S.(«+l)(-*)-S(»+l)(-')+2;(» + l)(-) 

+ S(»+3)(-») + 3S(« + 2)(-«) + 4S(«+l)'-' 



(m+1)(-0_ i(„ + 3)(-)_(«+2)(->| 



= t7-::l.+ 



n-^l ^ 2(« + l)(w+2) 3(»+l)(w + 2)(»+3) 
1 1 



= (7- 



(7t4-l)(^+2)(»+3)(» + 4) 2(» + 3)(« + 4) (f»+2)(» 
3»» + 27»* + 76»+67 






3 (»+ 1) (»+ 2) (»+ 3) («+ 4) ' 

67 

put « = 0, then C = — . 
^ '' («+2)(»+3) V 
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°^ (»+2)(»+3)'W (a+2)(a + 3) "W 

« + 2 V3>' +''' 

3 
put ^ = 0, then (?= — -• 



II. 

Trigonometry and Theory of Equations. 

4. K from any point P in a circle Knes are drawn to the 
extremities A^ B and to the point of contact C of a side of the 
drcmnscribing square, shew that 

(1 -h cot PC!i)> ^ (1 -hcotPCig)' 
cotP^^ ■" cotP^5 

Draw PJf perpendicular to AB; 
then PM* + CM* = 2 AC.PM, AC being = radius of circle ; 
.-. {PJf + CMY == 2PM.MB, 
{PM^CMY = 2PM.AM; 

( "•" PM) PM 



or 



c cm;)' am 

I PM) PM 

(1 -hcotPC^'' ^ (1 + cot peg)'' 
cotPgJ ■" cot PAB 
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6. If cos(a-f ^) = cosacos<^— cosisinasin^, and if ^ 

and are small^ shew that ^ (f) cos i + — - cot a (sin by, 

2 

nearly. * 

cosa< 1 — — t — ^.sina = cosaj 1— ^l— ^cosi.sina; 
.-. ^» + 2^tana+tan*a = tan»a+2<^cosi.tana+<^?; 



2 cos d 0' 



tana 



tan^a^J 



•. ^+tana = tanai 1 + ( 

( l/2<f)Cos4 6* V 1 4d)^cos»d) , 

= tana^ 1+ -(-r + j,\ )— tt'-t — ; J nearly; 

( 2^ tana tan«a^ 8 tan^a J -^ ' 

.-. ^ = COS i 4- -^ cot a (sin i)'* nearly. 



7. The triangle AVC circumscribes the escribed circles of 
the plane triangle ABC\ shew that 

acosA"^ bcosB "^ c cos C 



R' Since ABy a^A are 

one pair of similar com- 
mon tangents to the 
circles E^, E^, and BCy 
AC the other pair, it is 
clear that the angle 

so angle Ba^A' = A ; 

A'=:'n-2A; &c. 

BC ^ C'A' ^ A^B^ 
sin 2 J "" sin25 "" sin 2 C' 

FC _ O'A' _ A'BT 
acosA "" b cosB "" c cos (7 
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8. A point is joined to the angular points of a polygon, 
whereby triangles are formed which have a common vertex, 
and have the sides of the polygon for their bases. For each 
triangle are drawn the inscribed circle, and the escribed circle 
which touches the base externally. Shew that the algebraic 
sum of the portions of the bases intercepted between the 
points of contact of these circles is zero. 

Let be the point, A^A^... the vertices of the polygon, 
then a ly E be the , points of contact of the inscribed and 
escribed circles with the base of the triangle OA^ J,, 

where 2* = sum of sides; 
/. IE= OA.'^-OA,; 
.'. taking the triangles all round 

2{IE)= OA,-OA^ + OA,'-OA^ + =0. 

10. The angular points of a spherical triangle right-angled 
at C are joined by chords. If in the plane triangle thus 
formed C^ corresponds to C, shew that 

(1) cos C" = sin - sin - ; 

(2) 0^= - — -— . , if the triangW is small. 

(1) The angles which CA makes with the axes are 
""^-OCA, |, OCA, 
b v IT b 

•*' r r 2-2' 

so the angles made by CB with the 
axes are it a it b 
2' V 2""2' 

I 




58 Trigonometry and Theory of Equations, [j. m. s. 

therefore by means of the formula 

cosd = coso.cosa'+cos^.cosjS'+oosy.oosy' 

, a , b 
we have cos C = sin-sm-- 

, ^ . b ICA .a \CB 

(2) sm-r a=-r — f 8in-=- — ; 
^ ' 2 2 r 2 2 r 

if the triangle is small^ CA = b, CJB = a ; 

.-. cos (7 = -—-- ; 
4r» 

2 4r« 

- 2 ~ 4r*' 
if a and d are small compared with r. 



15. Sum the following series : 

,^, a?sin^ ar*sin2^ ar«sin3^ . 



(2) (l-vCn;)-y-.2-(l + >/^)-A/2- ; 

and shew that 7 is the least number of terms the sum of 
which is rational. 

.. „ arsin^ a?* sin 2^ fl?»sin3d 
(1) 8=-—+——- + 



1.2 1.2.8 

^ _^ a? cos ^ ar* cos 2 ^ ar* cos 3 $ 

- "1 "*" iX^ 1.2.3 ■*■• 



^ „ / — 7 ar(cos^+A/— l.sin(?) a?*(cosd-h \/— l.sindV . 
C+SV — l = J ~-\- — Y2 "^ 

_. g«(coitf+V^glnfl)_ J . 

Digitized byVjOOQlC 



iS66.] Pure Gfeametry. 59 

.-. 8 = — = 

2\/-l 

= tf**"* sin (a? gin (?). 
(2) 5=(l-yirT)-v''^-(l-f >/^)-y2-...to«tenn8 
= a/2 j(ooB^-- ^v/^rin j) +(c()fl~ V^ rin|) + ... 

...^.(cos— -^/-Isin— )5 

V2'JcosJ-y=T8inj|{l-co8^+yrTgin?L^} 

1— 008-+ -/ — Igin- 
4 4 

|co8j^l— ^/^rinjM 1—008—4- \/^ sin— > 

y2{l-C08j} 

The ooefBcient of V^ — 1 in the numerator 

= Jco8- «l Jgin — - 1 1-008— } sin- 

. n + l.TT . «ir . ir ^ .« 

= 8in — ; Bin— sm- = if « = 7, 

4 4 4 

and vanishes for no less value of n. 



III. 

Pure Geometry. 

2. If straight lines are drawn bisecting the interior angles 
of a quadrilateral, shew that they form another quadrilateral 
whose diagonals pass through the intersections of the opposite 
sides of the first. 

r 2 
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P is the centre of the escrihed circle to A BAB ; and R is 
the centre of the circle inscribed in ABDC; 

••. US bisecting angle AEB plainly passes through P. 

;^OTE. — ^This problem affords a good illustration of a method of 
proving by mechanics that a number of points lie in a straight line. 

Let eight equal forces be applied at A, B, C, jO, two at each 
point, in directions AByAD^ BA, BG, 
CByCByBCyBA; 

the resultant of the equal forces 
at A passes through P, as also that 
of the equal forces at 5 ; 
.•. P is a point on the resultant of 
the four equal forces; but since the 
equal forces along AB, BA neutra- 
lize each other, 

.•. plainly the resultant of the four 
passes through H, Le. HP is the line 
of the resultant. 

Similarly SB is the line of the resultant of the four equal 
forces ai C, J): but the resultant of the eight forces is zero, 
since they consist of four pairs equal and opposite ; 

.'. BP, Bit must be the same straight line. 

3. Given the vertex and the centres of the inscribed and 
circumscribed circles of a triangle, construct the triangle. 

Take 0, o, It, r, centres and radii of circumscribed and 
inscribed circles, 

then Oo' = B^ — 2 Br, whence r is known ; 
whence construct the inscribed circle, and draw tangents from 
the vertex; the points where these are cut by the circum- 
scribed circle will be the other angular points of the triangle. 
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7. A^B^CjB are fixed points in a given right line \ find 
the locus of the point at which AB and CB subtend equal 
angles. 

Take 8^ 8' the centres of similitude of the circles de- 
scribed on AB and CD as 
diameters, and on 88' sis 
diameter describe a circle; 

this circle is the required 

locus ; for since A, B and 

By C are harmonic conjugates of 8y 8', and 8P8' is a right 

angle, 

.-. IAP8^ L8PB) BJiA/.BP8=z L8BC, 
.-. LAFB^ LCBB. 
This may also be proved analytically as follows : 
Take Jj5 = a; BC^Cy CB-h\ AM^x\ BM^y\ 
then tan {APM-^BPM) = tan {CPM-^BPM) ; 
X X — a 




or 



X- 


—a- 


-e 


a?— 


a— 


h-e 






y 






y 






1 + 


{p- 


-a- 


-C) {X- 


-a- 


-h- 


<') 






hy 









1 4. ^(^""^) 

r 

ay 



y^-\-x{x^a) ""^^^.(a?— flj— {?) {x^a—b—cY 
.'. ay^-\-a{x-'a^e) {x^a^b^c) = by^+bx{x^a\ 
or x*{a'-b)-\-y^{a^b)^2a{a + c)X'{'a{a-\-c) {a'{-b+c) = 0. 

8. A pair of ordinates MP, M'F perpendicular to the major 
axis of an ellipse intersect the auxiliary circle in Q, Q'; shew 
that, if (? is the common centre of the curves, the areas of the 
triangles CQQ^, CPP are proportional to the major and minor 
axes of the ellipse. Hence shew that the area of the triangle 
formed by conjugate semi-diameters and the line joining their 
extremities is constant. 
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Pure Geometry. 
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Every ordinate of the ellipse is to the oorresponding or- 
dinfite of the auxiliary circle, as CB ix> CA; 




MM' c 



.'. quBd^MQQfM' : quad^ itfPP'if' : : CA : CB, 

and AMQC: /^MPC:: CA : CB, 

aad AM'Q^CiAm'P'OiiCA: CB; 

therefore 

MQ^M+M'Q^C^MQC : MPFM+M'FC-^MPC : : CA : CB, 

or /^Cqqr.^CPFiiCAiCB. 

When CPy CP' are conjugate diameters, (7Q, CQ' are at light 

angles to each other; 

CR 1 

/. i^GPF=.'^.^cqq'^-^CAm, 

9. Two sides of a parallelogram are fixed in position, and 
one vertex moves on a fixed straight line, shew that the 
envelope of one diagonal is a parabola. 

The points at infinity on OA, OB are the centres of 
pencils of paraDel lines; AB is 
jSTv^ their perspective axis : thus the 

pencils will determine homogra- 
phic ranges on OA, OB; and 
since the pair of lines OA, OB 
maybe regarded as a conic, lines 
joining corresponding points on 
the lines will envelope another 




conic touching AOB in A and B. 
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Now tftke the position of the diagonal parallel to AB', then 
evidently P the middle point of the diagonal is a point on the 
locos; or MNis a tangent at P, 

and OF^FQ; 
bat this is a property of the parabola. 

14. Two triangles intersect in the same conic ; shew that 
they are co-polar. 

The sides of the triangles form an inscribed hexagon ; 
.•. by Pascal's theorem the points of intersection of oppo- 
site sides lie in a straight line^ 

i.e. the triangles are co-axal, 
and co-axal triangles are also co-polar. 

IV. 

Analytical Geometry. 

3. Shew that a straight line is represented by an equation 
of the first degree^ when the coordinates of a point are the 
co-tangents of the angles which the lines joining the point 
to two fixed points make wibh the line joining the fixed 
points ; interpret the equations 

^+y= 0, ay+l = 0. 

Take any line Fit making an angle a with the line 
joining the fixed points : take 

any point F on it, and draw / 

Pif perpendicular to -jiLB; then 
we have the following iden- 
tical relation for the segments 
on the line AM: 
MABR + MB.RA ^ MR.AB= 0, 
or BE.w-^EA.y + ABeota=iOy 
an equation of the first degree. 
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a?-l-^ = represents the straight line perpendicular to AB 

through its middle point; 
ay -f 1 = represents the circle described on AB as diameter. 

4. I£ p, q^r are the perpendiculars &om the vertices of a 
triangle upon the line joining the centres of the inscribed and 
circumscribed circles, and a, i, c the sides of the triangle, 
prove that 

c^ bq cr 



^*a + b-\-c a—b-^-c a + b- 



= 0. 






Take ABO as triangle of reference, and let 0, 1 be the 

centres of circumscribed and inscribed circles. 

2 A 

Coordinates of ^ are » o, o. 

a 

are JZcos-4, JZcos-B, ^cosCi 

/ are r r r ; 

area of triangle AOl is proportional to 

1 

, cos-B— cosC 

COS -4 cos 5 cose/ 

1 1 1 

or op = ^ (cos 5— COS C); 
so bq=z k (cos C— cos A)^ and cr-^k (cos ^— cos B) ; 

<j«4.a«— j« a» + 4"— c' _ (e-^ay-^b^ (a^-*)»— c' 
" 2ca 2a4 "" 2ca 2ab 

__ (a-^b-hc) (c— 5) (-.a + *+<?) . 
■" 2aic ' 

therefore 

bq 



cosJ5— cos(?= 



cr kia-^-b-^-c), . « n ^ 



o^ 



6. Find the excentricity of an ellipse which is such that 
the vertex of an isosceles triangle whose base is the focal 
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radins vector to the extremity of the minor axis, and vertical 
angle = 120"*, will fall on the ctiirve. 



SNqqq PSN= J1=^SP^ a^eCM 

= a-e(^Qo^B8C-\-PN.BmB8C} = a~ - -^; 




S M 



^/3 2 
the equation for finding e. 



6^ 6 

1 — '^-'o'-^m^/\^=T^^o^ 



2\/3' 



7. Two straight lines including a right angle pass through 
the vertex of a triangle. Find the locus of intersection of 
one of them with the perpendicular drawn to the base at the 
point where it is cut by the other. 

Take the given triangle as triangle of reference, and let 
C be the vertex; 

let equation to one of the lines be la^-mfi = ...(l)j 
then equation to the other will be 

{lcoBC-\-m)a-\-{l-{'mcoBC)P = (2); 

let the equation to the line perpendicular to y = 0, at the 
point where it is met by (1), be V a-^-ni^-^-iiCy = ; 
since the three lines meet in a point, 

we obtain Vm-^rhfi = 0; 
and since the line is perpendicular to y =: 0, 
/. ^cos J5+«»'cos-4 — »'= 0; 
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l^ m "^ I cos B—m COB A* 
.*. the equation becomes la^mfi+{lcos B^m cos J) y = ; 

or /(a + cos-B.y)— «»(j3 + cos^.y) = 0; 
from (2) /(cosC.a+j3)+«»(a+cos(7.j3) = 0; 
.'. (a-hco85.y)(a + cosC.)3) + 08 + cosJ.y)(cos<7.a+j3)= 0; 
or a»+j8» + 8in5sinC.)3y + sinCsin4.yo+2oosCoi8= 0. 

10. A person wishing to ascertain the dip of a stratum 
bores from a horizontal plane vertical holes at the three 
comers of a square whose side is h ; he finds the depths to 
be respectively a, b, c; determine the dip^ and the depth 
of the stratum at the fourth comer of the square. 

Take two sides of the square^ and the vertical downwards 
through their intersection^ as the axes of coordinates ; 

let the equation to the plane of the stratum be 
Aaf-\-By-^Cz=:J); 
then we have Ca = I); A&+Cb=zD; BA-^Cc^zJ); 

• ^ _ B _g_ J. 

a — b a — c h ah 

' /. equation to plane becomes {a—b)x-\-{a^c)y+iz = ai ; 
.•. the angle of the dip = cos-' -, • 

To find the depth at the fourth comer of the square^ put 
X = y ^ Ain the equation of the plane^ 

a 
2a— 0— (? 

11. If 

u = aa?» + 2Aiy+*y«-h2^a?+2^+<? = ani^+yu^-hu^ 
is the equation of a central conic^ shew that the area con- 
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tained by a chord whose middle point is (/, jf) and lines 
drawn from its extremities to the centre is 

where v is the eliminant of u^^ = 0, ^^^ = 0, u^ = 0. 

— = — = ^ — ^ = r, the equation to a straight line, 

to find where this meets the conic, substitute for x and y in 
the given equation, 

.-. {al' + 2Alm+bm*)r^'{-2{lu'^'{-mu\}r+u'= 0......(1); 

if {^, jf) is the middle point of the chord 
lu\-\-mu\ = 0, 
or (^-aO«^'«+(y-/)t*^ = 0; 
.-. x.u\-\'y.u\ = (xfM^Jt^.n\\ 

the equation to the chord in terms of its middle point. 
For coordinates of centre we have u^ = 0, w^ = 0, 
or «?+4y+^ = 0, ^ + *y+/=:0; 

where A,B,CBie the minors of the two top rows of 
V = a A ^ 
hhf 

.'. perpendicular from centre on chord 

Au^^-Bu'^-^-Cur 

^A{aaf'\-h/-\-g)-\-B{W-^h/-\^f)^^C{gx'^f^^c) 
^{Aa^^Bh^Cgy-\-{Ah-^Bb-^Cf)/+Ag-^Bf+Cc^^, 

K 2 
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since the coefficients of / and / vanish, being determinants 
. with two rows identical ; 

/. perpendicular = -. — • = — ^^ ^ , 

Also from (1) length of i chord = { ^^,^J^^^^ >f » 
where &'a. + mu\ = ; 



= {a5-A«}{a/«+2Ar'/+ft/* + 2yy+2^+4 
/. area of triangle = ^ perpendicular x chord 

IS. (r,^ Oa) (r,^ a,) are the focal coordinates of points on a 
conic section, pi the focal distance of the pole of the chord 
joining them ; shew that, if 2 i is the minor axis of the curve, 



1 1 1 / • Oa— ttsva 

= — - I sm 1 • 



- = 1 + ^ cos ^, equation of the conic, where 1 = a{l — ^") ; 

- =ecosd+cos(d— Oa), equation of tangent at the point (r,aa); 

- =ecos^ + cos(tf— a,), (^$as); 

T 

Digitized by LjOOQ IC 



i866.] Analytioal Geometry. 69 

for point of intenection OO8(0— a«) b eo«(0— «.) ; 

P. 2 2 

J^ ll_ 

r,r, p,» 

= (l + eoo8a,)(l+0oo««,)— («oos^2^^^ +eoe ^~'°' ) 

N 2 2 

= 1— cos* — +#»|00BO,00eo,— C08»-i— — ^} 

= 1 -008' ^i^ - *• {1 -.oo«« ?l=ln « (1 -O rin« 5LZ1' ; 

J» Z 2 

112 

— -^ — '■' ■ ■ XS I ■ ! ■ !> • 

IS. Shew that the point of intersection (or^ ^) of normals 
to the ellipse J*d?' + «'y'— «* J* = at the extremities of the 
chord whose pole is [pf^ /) is determined by the equations 



X -^11 a^—b 



- ^y - 



Find the coordinates of the centre of curvature for any 
point (y, /). 

Equation of ellipse fL + ^ ^ 1 (i)j 



<i» 



of polar of (a^,/) 5- + f- = ^ -(2) 



of normal at (afi,yi) ^ =a«— i» (3) 

of normal at (;r,,y,) ^ = a'— 4" (4) 
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for intersection of (3) and (4), 



tf'-i* 



or 



yi . yt *i *« ^tjfi »i3ft 



.(5). 



...(6). 



Equation of lino through {x^^ y^ (^d^O ^ 

this coincides with (2)j 

ar' / 1 

Again, to find the points where (2) meets (1), 

.'• substituting in (5) from (6) and (7), 

If (a;^y). is on the curve^ it may be regarded as the pole of 
an infinitesimal chord; the above equations will then give 
the point of intersection of two consecutive normals^ i.e. the 
centre of curvature at {x t^). 



(7) 
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V. 
Differential Calculus. 

giQ/p (co»»)» 
4. . . . ETaluatb ^2 ^ , when « = ; and shew 

that " 

{ — — ■ — =— t = 01 a, ... a„ whra « = 0. 

(1) ^=|2--^} ,• 



* (tana:)' (tan*)' 

^^{^ + 1:2:3 -TliXQ-^"} 

_^» a?* 1 ( a?' y 

1.2.3 1.2.3.4.5 2(1.2.3 '' 3 1 



2a?* 6 



= - when a? = ; 



(2) « = {^-'"-^^'-7-+^»"'}"; 

, log {a."* + a,"" +...+«,*"} -log « 
logt^ = — • ~ ■ 

X 

«!"* + «»***+... +«!•'** 

= log {^1 a, . . . a„} when a? = ; 

.-. t^ = ^1 a, . . . (Z^ when a? = 0. 
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6. Fmd/(«), when/(fl!+5r)+/(«-^) = 2x/ix*-y'). 

Put y =05 .-. /(ar) = ar/(a;')j 

this suggests /(x) = - 9 

which ifi found to satisfy the equation* 

Or thus — 
expanding hj Taylor^s theorem^ we have 

.-. equating coefficients of powers of ^, 

/(ar) = «/(a:') (1); ' 

/»=-2<r/'(;*') (2); 

a differential equation of the form 
d'u du 

the solution of which is 

X 

and by trial in the original equation it is found that c^ mast 
= 0. 

8. If«=^(f,T;,0, ' ' 

and f = x*'-2yzj rj = y* — 2i2«p, C== ^'— ^a?y^ shew that 

£ = 2x; ^ = -2.; ^^ = -2yj I 

fee. &c. 
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therefore 

K««-y.)-(^)(..+ay)-.(J)(^.+«r) 

13 Find the locos of the extremities of lines 

drawn firom a given point equal and parallel to the radii of 
corratore at the several points of an ellipse. 

Taking ^, i; as the enrrent coordinates of the locus, «, jr 
those of the ellipse, we have 

X JL 

L 
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14. Find the curve in which the perpendicular from the 
origin on the tangent is one-half of the normal. 

Perpendicular on' tangent from origin 

dv 



/y/i + 






Normal =jr^n-g.; 



dy* 2x dy ^ 

dx* y dx ' 

dy ^ —0? + \/a?"-fy* 
dx " y ' 

^J^MM^±dx, 

.'. y* = c* Hh 2ca;; 
the equation of a parabola. 

15. Find the envelope of the osculating circle of a parabola. 
Radius and coordinates of centre of curvature are 

.'. equation of osculating circle is 



2a+3ar^ 



(f-.«-3.,.+ {, + 2j-=i(l±f)' ,„, 



y* ^ ^ax 



(2); 
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therefore 

ydy = 2ada}; 

this reduces by means of (2) to 

y.-.27;y+4af = (3); 

from (2) and (3) x and y are founds and substituting their 
values in (1), 

we have the equation of the envelope. 



VI. 

Prohlems. 

1. Two lines of lengths a and h are drawn from the same 
point and are inclined at an angle ; from their extremities 
perpendiculars are drawn to each of them : find the area of 
the parallelogram thus formed. 

Oa =0Bco8ec6, 
Ob zTzOAoosecBy 
.'. aresL =0a. Ob. sin 6 
=:0A. OB cosec^^e. 

2. Two numbers end with the same digit ; and when they 
are divided by 7, the quotient of each is the remainder of the 
other : find the numbers. 

The numbers necessarily consist of only two digits^ 
let them be a-\-10x; a+lOy; 
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a^lOy^7q+p\S ^ ^' 

.-. 10(a?-y) = 6(j»-^); 

since x,y,p, q are all single digits, it is evident that 

aj-y = 3; p-q= 6 (2); 

.-. a-^lOx = 8j» — 5, 

an indeterminate equation with three unknown quantities. 

= 4 ;? — 5^ is a whole number; .•. a is odd. 

2 ^ 

Put a = 3; then a? = 4, j» = 6, satisfy the equation, and 

also the conditions (2) ; 

.*. 13^ 43 are two such numbers isis are required. 

8. Ellipses are inscribed in a given parallelogram; shew 
that their foci lie on an equilateral hyperbola. 

It is evident that the centre of the ellipse remains fixed, 
and coincides with the intersection of the diagonals of the 
parallelogram : for the self-conjugate triangle is the same for 
all conies inscribed in the same quadrilateral ; and in the case 
of a parallelogram, one side of this triangle is at infinity, and 
its pole with respect to an inscribed conic is the intersection 
of diagonals. Take this as origin^ and the lines bisecting the 
angle between the sides as axes. 

Let OA = a, OB=b; jLB0A=:2a; a?',/, -a<, -/, 

coordinates of foci ; y\ ^ ^^ 

equation of Bniy 

^-fa?tano— 2 asina = 0, 
equation of An^ 

y— irtana + 2d sin a = 0; 
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and since the product of perpendiculars from the foci on any 

tangent is constant, 

••. {/-l-a^tano— 2a8ina} {— •/— .a^tano— 2fltsino} 

= {y— a?' tan a-f 2 J sin a} {— ^-f a^tana+2isina} ; 

. , , (a« — 5*)sin2a 
whence afy = ^ ^ • 

Or thus — 
Taking lines parallel to the sides as axes^ 

equation of ellipse is of form Ax^ + Bixy + Cy^ = L ; 
if the imaginary straight line y = ^-f aZ—I (x—af) touches 
the ellipse, • 

(afiy) being the only real point upon it must be a focus ; 
forming the condition for tangency in the usual way, we have 
after reduction 
K«-./»} {4jC-5«}H-4i>(^-(7) 

... {«/«-/«} {4^C-j5«}+4i>(^-CO = (1); 

{B^-^AC)af/^2BI) = (2); 

two hyperbolae on which the foci lie. 

Now since the lines x =^ a; y = b are tangents to the 
ellipse, 

.-. JB«fl» = iC{Aa^^I)); B^M = ^A{Ch^^D); 
whence (a«-««)(5»-4 JC7) = AD(A-C)', 
.'. from (1) y»-/» = ««-«•. 

4. The sum of three terms of a geometric series is given. 
Find, without using the differential calculus, what the terms 
of it must be in order that their continued product may be a 
maximum. 

X, xr, XT* the terms ; 

then X'\-xr-\'Xr* = c (1), 

«?'^' = M (2); 
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from (2), iw = ft*, or r = — ; 

.•. from (1), a?+M*+— = c; 



2 
and since a; must be rational^ the greatest value of ^ is ob- 
tained from (/ut*— c)*— 4fi*= 0; 

jui* = AT =2 — c or = - ; 
o 

.*. the terms are c, — c, c ; 

c c c 
or ->->-• 
3 3 3 



5. If or is a number less than unity^ then 

{(l-ir)(l-a?»)(l-i?») }-> = (l+ar)(H-d?«)(l+^»).. 

the factors on each side being continued to infinity. 

(1 -a?) (1 H-a?) (1 4-aJ") (1 -x') (1 +«?") (1 +a?*) 

= (1 -a?*) (1 + X') (1 4- a?*) (1 -«:•). 

= (l-.a?*)(l+ar*)(l-a?«) 

= (l-«»)(l-aj«) 

= !-«*= 1 ifa?<l. 



6. Shew that there is a point on the curve y* = a?*— a?*, 

9 
whose abscissa is > — and < 1, such that the normal passes 

through the origin. 

3y«^ = (2a? — 3a?»)rfa?j 

equation to normal is (f —a?) dx + (i?— y) dy,=: 0; 

••• 3y«(f-a?) = (2a?-3a?«)(i,-5^). 
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Put f = i|=0; 
2 

••• y = i-»i 

.'. from the equation to the curve 

27 a?* — 36a?+8 = 0, 
9 
and a root of this lies between 1 and -- • 

7. In carrying out completely the process of finding the 
6. C. M. between two numbers which are prime to each other, 
the quotients in order are 5 three times and then 3 twice. 
Knd the numbers. 

Let a^b he the numbers, and c, d, d, / the other four 
divisors that occur in the process of finding the O. C. M. ; 

then 

whence 1428/= a; 275/= i; 
.'. since a and b are prime to each other, 
a = 1428; i = 275. 

8. From the origin of coordinates tangents are drawn to 
the cycloid a?= a (^— -sin ^), y = a (1 +cos ^). Shew that the 
coordinates of the point of contact of the tangent touching 
the ^th branch are found by substituting for 6 the value given 

by {(2«-l)»-d}tan- = 2. 
2 

Let OP be the tangent: then OP is perpendicular to 
PiV^ and therefore passes through 2) 

D the highest point of the circle. 
Let LBCP -^\ 

.-. LBON^\', 
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Problems. 






['. 


M. 8. 


fnn 


2 " 


LN 

~ 0N~ 2- 


2a 






2 






ita(n—l)+a(ir- 


»" 


(2n- 


-l),r 


-*' 






.: {(2« 


-l)ir-<?}tan^ 


= 2 









is the equation for determining the value of 6 at the point P. 

9. Find a fraction x and a whole number y such that xy^ - 
shall be the square of a whole number. 

/. X = '^- ——^ — ^ . 

Find p^ and 2y such that the quantity under the root shall be 
a perfect square ; 

then p^ = /•— 1«% 









2^ 


= 2lm; 








.• 


■ X 


;•- 


2lm ~ 


I 
m' 


but 


since 




l*- 


-m-^=p\ 








.-. 


1 = 


»• + <• 


\ m = 


2 St, 






••• 


X = 


»• + <» 
2«^ 


i y = 


2 at {a 


' + n 



10. Into a vessel containing a given quantity of a fluid A, 
another fluid B flows at a uniform rate ; the fluids being at 
once completely mixed flow out of the vessel at the same rate. 
Determine the time at which the vessel contains an nth part 
of the original quantity of the fluid A. 
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Let Fhe the volume of the fluid in the vessel^ which re- 
main0 constant^ and let x be the amount of A at any time t ; 
then the amount of A lost in time di 

^ y.dF z=z dx; and dF=z]kdt; 

.*. at ^ 'T- • — : 

k X 



F frds r. 



11. K in a series of numbers «i Ji<?i, «9*«<?w •••«•*« ^n* 
any group a^ h^ c^ is connected with the preceding group 
O'r^x br-\ ^r-i ^7 ^'^ equatiouB 

shew that a^^ ci • (ic) ^ 
«i = «i (*i ^i) ; 

«i «! = 5i <?i ; 

let flt^i = a^ * (5i Ci) ' ; 

.-. a^ = a^l 5^1 c^_i = a^i; . a^i h^^ (?^_i = a^lj «» h^ e^ 

by the original equations 

n (-2)-(-a)* i, (-2)-(-S)^ i-(-2) i-C-g)*^^ 

= «! f (JiO • =«i ' {he.) • ' 

IS. Q is the centre of curvature of the point P of an ellipse. 
A perpendicular is drawn to QP through Q. The part of this 
perpendicular cut off by the diameter through P is one-third 
of the radius of curvature of the evolute at Q. 
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Equation of the ellipse — -f ^ = 1 ; 



radius of curvature = R 



ah 



.-. dE = ^^ — T ^ rfa? = ^ -^ €fe 

Now ^ince any normal to the ellipse is a tangent to the 
evolute, d-^ the angle between two consecutive normals is the 
same for both ; and, if c be an arc of the evolute, 

d<T = dR\ 
/. p = radius of curvature of evolute 



Again, 



^dR ^ 3e^a^ ds ^ Ze^xy ^ 
-ftTQ = iZtan {PGA^PCA} 




h^x X e^xy 



1 + 



•. ^«=3P. 



b^x^ 



13. Bisect a spherical triangle having a right angle by an 
arc of a great circle. 



lAPBz^x; /.ABP=y; 
then we have 




4---U -c 
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» B+C 

or a,+jr = - + -^; 

also, from the right-angled triangle BAF^ 

006 or = sinyoose; 
whence x and y^ and conBoqaently AP, are fonnd. 

14. Find the equation of a circle which touches the lines 
= 0, ^ = 0, and the conic afi = iy*. 

Since a = 0, /3 = are tangents, the equation is of the 

fonn 

a/3— (;a+«)3 + «y)« = (1); 

equation to a tangent at any point (a^^-/) is 

{i3'-2/(/a'+i»i3'+»y)}a+{a'-2i»(;a' + i»i3'+iiyO})3 

-2ii(;a'+«»^-h«/)y = ; (2); 

equation to a tangent to the given conic at the same point is 

^a+a')3-2*/y = ....: (3) ; 

(2) and (3) must coincide, 

, ^ - ^. 

= 1/ ^*^' 



^ a' y*. 



y . 



.*. substituting for 6l ^ y' in the second and third of the 
equalities (4) we obtain 

» = V^(l-2>v/^) (5). 

Again, applying to (1) the conditions that it should repre- 
sent a circle, we have 

(«w?— ^)» = {na—lcy = {tb—fnay + al) (6); 

from (5) and (6) /, m, n are to be determined. 

M 2 
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M.8. 



15. Prove by the metbod of projections that of all polygons 
of a given number of sides circumscribing an ellipse, the one 
of least area is such that each side is parallel to the line 
joining the points of contact of adjacent sides. 

We may use the following projective property, which is 
plainly true in the case of the circle : 

If Ji, J,, A^ be the points of contact of three consecutive 
sides, the line joining the centre to the point of intersection 
of the tangents at A^^ A^ passes through J,. 
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1867. 



I. 

Algebra. 

1. If J,c,+c,tf,+«,8, = 0, and a,+i, + c, = 0, shew that 
a, d, c, J, c, a, , c» «i *i _ « . 



d,i,— c,c, c,c,— a,a, <i,a,— did, 
and simplify 

(a + i) ja' + a«-a*+^(a«-i')j* 

<*) <'»=-:rrr' «.=-(«». +6,),- 

expression = -^>^«^'* ^I'^i^i _ fAK±^) _ ^^ 

(2) expression 
= («+*)|-y-«+-^— *}-(«-*)|-^— «-— 2-*f 

% Solve the equations : 

(1) U'2^x^lj2^^x = l/a\ 



»• + »• = «»; J 



(2) x{x*-ir) = -f^' 

(3) 2ar* + ar» + 2a:* + 3a:+18 = 0; 
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(4) a^x-^b^y-^-c^z = (a), 

(i^(.)«y;^-|.(c-.tf)«;Rr+(a-*)«ay= 03), 

ar«+y«+;2:» = 1 (y).- 

(1) 4a+3^4«»-a^«.4/^=fl, 

or 0? = + flj ^/s. 

(2) Substituting for y* 

4 4V2 



or 



(3) (...+ |+3)' = 



16 



(4) PrbmO), 

or (a*iP-f-i"y + c*;2?)(a?4-;^-f ^) = (^w?4- Jy+c;g;)*; 
.'. from (a), flMP4-Jy+C2; = 0; 
and a^x+b^y-hc^z = 0$ 

from (y). 



&?(6— tf) ea{c~^a) ab{a'-b) 
1 



3. Eliminate a and i from ax ^by ^ =- , and 

a^b^ 
m = 
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1867.] Algebra. 87 

by given equations ; 

6. The number /)o + 10»jBi-f-10«jo, + 10»jt?,-h...4-10»*jo^ 
is divisible by 37, if i»o + ;?i + ... -h jo^ be divisible by 37. 

it?o + 10»i?t + ... + 10»*i?^=:i2o+i?i4-...+i?n+(10»-l)/i, 

and 10» — 1 =3 999 is divisible by 37. 

6. Shew that if a, b, c axe unequal and a-^-b+oO, then 

a*-^b*-j'e*>3abc; and that if or be real, then can 

X — 3 

have no real value between 3 and 7. 

(1) (6-<?)*+(c-«)*+(«-i)">0; 

or a*+b*+c*'^h€^ca^ah>0; 

and a+b+c >0; 

... (a+b+c)(a^+b^+c^'-bc—ca'-^ab)=za*+b^+c*^3abc>0. 

(2) -^:r^=^' 



y+i±V>'-ioy+2i . 
... «, = _ , 

or y cannot lie between 3 and 7. 
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7. Sum the following : 

(1) l+a?(a?-|.2)+af«(a?« + 2a?+2)+iP«(a?« + 2a?» + 2a?+2) + ... adinf. 

. , 1+2 , 1 + 2 + 3 , 1+2 + 3+4 . ,. ^ 

(2) , + 1- ad inf. 

^^ 1.2 ^ 1.2.3 ^ 1.2.3.4 ^ 

,^, 19 2 28 /2v« 39 /2v» 52 /2v* 

(3) + — — •(-) + (-1 + (-1 +... to « terms. 

^^ 1.2.3 3^ 2.3.4 V ^ 3.4.6 V ^ 4.5.6 V ^ 



(1) 5= l+2a?+3a?« + 4a?« + 6a?*+... 

-(1 -..)•• 

/«x / .N^i.^ 1 + 2 + 3. ,. + r r(r+l) 1 1 

(2) (r— l)th term = \, ~^ ^^ = -^7--^ = -^i + , -] 

^ ^ ^ ' 1.2 r 2|r 2[ /'~2 | r-l 

o iL 1 1 1 ) (1 1 1 ) 

_ (_6 7 ?_l/?\"^' 

"(«+l » + 2 » + 3)^3>' 

U+3 'W »+2 ^3>' 3 t«+2*W ii+i*V ) 

oA 1 /2v*+« ^^ 1 /2v*+» 
= ^^^12(3) -^^^^1(3) > 

»+-2 V «+-l ^Z^ 

3(^+3) /V^« ^. 
■" (^+-1)(^+2)'V "^ ' 

put « = ; C = 3. 
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9. Three memben aie to be elected into the Hebdomadal 
Council, and no elector can vote for more than two ouididatee. 
What is the least proportion of the whole constituency which 
a minoril7 can be in to be able to return one member, (1) when 
an elector may give a candidate one of his rotes, but need not 
Yote for more than one ; (2) when an elector may g^ve both 
hia votes to the same candidate ? 

Let If = whole number of voters, 
X ss the minority ; 

then, 1st, x> -(iV"— ar) or > — -; 
3 5 

2 JV 
2nd, 2w> -(iV— d?) or x> — 

3 4 

10. Shew that 3» is the most probable number to throw 
with 2 n counters, each marked with 1 on one &ce and 2 on 
the other; also shew that the chance of throwing 3(^ + 1) 
with 2{n-i'l) counters is less than the chance of throwing 3n 

with 2n counters in the ratio • 

2if-f2 

(1) The coefficient of a?»* in {x^ + if*)'* 

= coefficient of a?* in (1 -1-2?")?*, 
and this is the largest coefficient. 

(2) coefficient of x* (*+ «> in (o?^ + x^y (*+ *> 

= coefficient of ^*+' in (1 +iF)»<-+») = P; 

coefficient of a?»* in {x^ -f-^*)'" 

= coefficient of x* in (1 -fa?)*" = Q ; 
P 2(2^4- 1) . 

q ~ «+i ' 
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and no. of throws with 2 («4- 1) counters = 2*<*'*"»^, 
2« . . . . =2«"; 

chance of 3 (»+ 1) with 2 («+ 1) _ 2«* P _ 2»-hl 
" chance of 3n with 2» "" 2»(*+^) * Q "" 2n+2' 

11. Find two fractions such that the quotients of their sum 
by their product and of their difference by their quotient shall 
be both squares. 

Tf ^ the fractions^ 

a c 

h d ac (ad-{- be) 

M 
a e 
h d aciad—be) 

be 

••. ac {ad-\- be) is a square = «!^ • — > 

ac{ad'^bc) . . . sznq»^; 
.\ IT = ~r-;i f-^ = — 7": IT smce mp :=i nq; 
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X.- 



4i»*«« 



Or thus — a?, y the fractions. 






put jO = 



1 






0? "" «* -h «»* * 

a? =: ; V = • 



IL 

Trigonometry and Theory of Equations. 
% If A, By C are the angles of a triangle. 



cos 3 J 



+ -^ 



cos 3^ 



sin (^--B) sin (^-£7) ^ sin (J- C) sin (5-^) 

cos 3 (7 



+ -r 



sin ((7-^ sin (C- 5) 



= 4. 



rin (JS— C) cos 3J = — sin (-4 + 2 5) cos 3^ 

= -isin2(2J4--B)-isin2(J-^=-isin2(C-^)--.isin2(J--B); 

N 2 
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92 Trigonometry and Theory of Equ<jUions. [j.m.s. 

. 1 

.-. expression- s}n(i?-C)8in(e-J)sin(^-5) 

{Bm2{0-J)-\-sm2(A-^B)-{-8m2{B-C)} = 4. 

8. If -B, r, r^, r^y r^ are the radii of the circumscribed, in- 
scribed, and escribed circles respectively of a triangle, and C 
one of the angles, then 4 i?cos C = r + r^+r^— r^,. 

2 » 

ao 

4. If jD, J> -^ are the points in the sides of the triangle 
ABC where the perpendiculars from the opposite angles meet 
the sides BC, CA, AB respectively, and if is the point of 
intersection of these perpendiculars, then 

-:^ = -:?^- — -4i2'= / 

cos -4 "* cqsjB "" cos C ^ "" cos A cos B cos C 

where R and / are the radii of the circumscribed and in- 
scribed circles of the triangle LEF. 

FE^=FA^-^AI!^'-'2FA.AFco8A={b^ + c^^2bcco&A)oos^A=:a*co8*A\ 

.'. FF^zacosA; 
I)F=bcosB; 
FD — ccosC; 
also AAFF is similar to 
A ABC Sec; 
whence 

lEBF^jf-^2A &c 
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,_1 areaof AJJgy _ 4A.^g.coBJco8^cosg 
"~2 som of sidea "" acos-4+icosC-i-ccosC 

and Bf = radios (rf nine-point circle = — ; 



therefore 



OA _ OB _ PC _ a.OA-^-b.OB-k-c.OC 
cos-4 "" cos5 "~ cosC ~ fljcos^-f Jcos-B+ccosC 



^ acosA + bcoBB-^-ccosC 

4AABC / 



a cobA + b coqB '\- c co&C co&AcosBooqC 



5. On the sides ay b oi 2k right-angled triangle as dia- 
meters circles are described; shew that the sum of the 
distances of their common tangents from the right angle is 



EP 



DP 
= 5 = 


BJ) 
2ER 


= 


2(a-6) ' 


EP 


emECP 


EC~ 


sme 


=. 


COB DCP 

— ' — 3 — > 
8in0 


DP 
DC- 


an DCP ^ 
mnff ' 
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sind \/2.(a— *)* 

.-. i?i + jD,=:aP{sm(^Pif+tf)+sin(^Pif-tf)} 

= 2CP.8mJPitfcostf = ^.^±^ 

a« + 6« 

6. The base BC of a triangle J-BC is fixed, and the vertex 
A moves on the cireumference of a circle which touches BC 
at its middle point A\ and whose diameter is equal to BC; 
shew that 

sin 2 AaB = . ;p — 7^ . 

^ A B^C ^ . A . B^C 
, J . » . ^ 2C0S---C0S — - — 2sm---sm — - — 
sin .4 _ smB ^smC 2 2 2 2 . 

a "* ft " c " 6H-(? ~ J— e 

sin(J-g) _ i»-g« 
**• sin (54-0)"" tf" 

=:(| + |sin2^5y-(|-|sin2J^'5y 

{since ^0^= 2 {v-APAf) 
= 2(vAA'B)} 
= a«sin2-4J'; 

Digitized byVjOOQlC 



1867.] Trigonometry and Theory of Equations. 96 



•. mn2AjfB = 



i»-c« 



_ em{B-C) 
"■ sin {B + C) * 



7. «•«••«• • shew that 




m-) +(8m-) +(8in-) H-(sm— ) +(Bmy) +(amy) =2^. 
expression = 2 ^^sin -j + (^sin— j -f (^sin — j } 

5 (/ • Wv» / . 2ir\* / . 3irx*) 3 (^ . w . 3ir 
= i{(«^7) +(«^y) +(smy)}--J2sin-8my 

^ . 2ir . IT „ . 3w . 2ir) 

H- 2 sin— - sm - — 2 sm -— sin — - > 

7 7 7 7 3 

5(^ 2ir 3ir ir) 3 ( 2ir 3ir 

= g{3-cosy +cosy +eosyJ - - jeosy +COSy 

V 3ir V 2v) 

-f-cos - —cos -- — cos- —cos -- V 

7 7 7 73 

15 5 ( w 2ir 3ir) 15 5 C TT 3v Sir) 



. 6w 
sin— - 
15 5 7 

: -- H- — by summation = 2^. 

8 lo . IT 
sin--- 
7 
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IIL 

Geometry. 

6. The perpendiculars of a triangle ABC meet the opposite 
sides in A\ B', C ; shew that the circles described about the 
triangles AB^C\ BC'A\ CA^B^ are together equal to 8 times 
the semicircles described on the perpendiculars from the centre 
of the circumscribing circle upon the sides. 

AC^=: b cos A; AB^r:s ccoeA; C^B^= aooBA; 

C'Ti' a 
.-. radius of circle circumscribing AC'B-=^ —-, — -. = -cot^; 

« sin A £t 

IS 

.'. sum of such circles = ■- {a^ cot' J + i» cot*5-f-^" oot« C\. 
Again^ length of perpendicular from centre of drcimiscribing 
circle on BC = -cot A; 
.•. sum of semicircles on such perpendiculars 

= ^ {^" cot» J + i« cot« B + c* cot» }. 

7. The locus of the intersections of lines drawn from the 
extremities of a variable diameter of a circle to two fixed 
points on the circle is a circle whose centre is the intersection 
of the tangents at the fixed points. 

CR is the polar of 0, and is 
therefore perpendicular to PQ, and 
PBQ is a right angle. 

.-. ABqP:=zlCRB 
the supplement of BRN. 

also LCBR^LBqP 
in the alternate segment ; 

.-. LCBR^LCRB', 

.'. R lies on a circle, centre C, and radius OB. 
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9. Given in position one focus and a tangent, and in length 
the transverse axis of a hyperbola ; find the locus of the other 
focus. 

Draw 8T perpendicular to the tan- 
gent, 

then Z is a fixed point, and TC = AC 
is a fixed length; ^ 

.*. the locus of -H" is a circle whose 
centre is (where TO = 8T)^ and radius = 2 AC, 

11. Deduce a property of the parabola by reciprocating the 
following theorem : lines joining the extremities of a pair of 
diameters of a circle are parallel. 

Take an extremity of one of the diameters as origin ; 
then the circle reciprocates into a parabola; the two dia- 
meters, one into the point at infinity on the directrix, the 
other into any point on the directrix; the four points of 
intersection with the circle become the two pairs of tangents 
from the points on the directrix; and the line at infinity 
corresponds to the focus. 

Hence. If a pair of tangents be drawn to a parabola from 
any point on the directrix, the line joining the intersection of 
one of them with the tangent at the vertex to the focus is 
parallel to the other. 

(Strictly, the line joining the two points of intersection of 
the tangents passes through the focus; but one of these 
points lies at infinity.) 

13. Prom any point P in a hyperbola, PiV, Pn are drawn 
perpendicular to the axes, and PM^ Pm to the asymptotes; 
prove that Nn and Mm are perpendicular to each other. 

o 
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A circle can be described about the quadrilateral MPmC, 
wbich will also pass through JV. 
02V bisects the LMGm = 2o. 

=0+ Z CP«tt= I mPN+ L CPm 
= Z CPN. 
.'. ibr;» makes the same angle 
with axis of a?, as Nn does with 
axis of y. 

•. they are perpendicular to 
each other. 




IV. 

Algebraical Geometry. 

1. Shew that the area of the triangle contained by the lines 

(l+i(?)a: + (l-(?) y + (!+«) (2(?)* = (1), 

(1+c) a? + (H.(?a)y + (!-«) (2c)* = (2), 

(1-J) ir + (H-a) y+(l+a4)(2# = (3), 

is a'\-b-\-c-\-abc. 

for intersection of (1) and (2) 

X -^ 

(l-c) (i-a)-(l + tfflj) (1 + *) " (1 + AO (l-^)-(l +^) (1 -^ ^) 

""(l + A<?)(l+ca)-(H-c)(l-(?)' 

— >/2c 
or a? = — y = — - — ; 



so for (1) and (3) 

and for (2) and (3) ^^^y^ ^c. 
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area=- 



Algebraicdl Geometry. 

— a/2^, —A \/2e, 1 
a \/2c, — a/2^, 1 



99 



= a+A+(?4-ai<?. 



4. Find the locus of the intersection of two tangents to an 
ellipse the product of the perpendiculars on which from the 
centre of the ellipse is equal to the product of the semi-axes. 



If dKP' + 2/b5y + &y' + 2^a?+2^+(? = represents two 

straight lines^ the product of perpendiculars from the origin 

/• 
-- ; (this is easily seen by taking the equa- 

tions of two lines and multiplying them together.) 

Now equation of pair of tangents to an ellipse from any 
point {ixf /)\& 

.'. product of perpendiculars from centre 



of* /« 






= ab. 



therefore 



J__ 5^4.^1'- K'+/' ?' 2K»~/«)(a«~&«) {a^-b^)\ 
a«6« (a«"^ AM "" ( a«AM «*A* a*** ' 



the equation of the locus. 



o a 
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7. If ax*'\-2hxy-^by*+\ = represent a hyperbola, then 
its equation referred to its asymptotes, as coordinate axes, 
will be 4 {h^—ab)xy = ^/{a-bY + ^h^. 

Equations of asymptotes are agD-\-{h— ^h^—ah)y = ; 

Let 6 be the angle between the asymptotes, of, ^ the coor- 
dinates of any point on the curve referred to them ; x,y\\& 
coordinates referred to the old axes, then 

/sm^ = ^ '^ ; 

,.. .. {A^'-ah\y^'-{aX'\-AyY 
.-. xWrni'^e = ^^ — ^ — ^-^ ^^ — ^^—^ 

__ a^w^-{'2aAxy-{'ahy^ ^ 1 

" «{(«-*)« + 4A'}* " {{a^by + ^A^}^' 
2^k^—ab 



Also tan 6 = 



a-\-b 



/. Sm*d = ;; ^T^ V ; 

{a^by-\-4:A^' 



8. Normals are drawn to an equilateral hyperbolst from a 
given point ; shew that the sum of their squares is equal to 
three times the square of the distance of the given point from 
the centre of the hyperbola. 

(a, b) the given point ; iVthe length of a normal 
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101 



Equation of hyperbola a?*— y' = (?% 

^ a b 
. . . . normal - 4- - = 2, 
X y 

where (a?, y) is the unknown point of contact. 

J_. 

.'. x^{2x—ay—b^x^ = c«(2iP— ^)*; 

or 4a?* — 4a^» + (a*— 6*— 4(?*)«« + ,.. =: 0; 

_ ^ a«-.6«-.4(?* 
£x = a; 



2a?« = a« 



2xaf= 



similarly 



2y = 5; 



2 

2y« = 



4 
"■ 2 



+ 2£?« 

2(?«. 



2JV« = 3(a« + 6»). 



9. Lines are drawn from the internal centre of similitude of 
two circles to the points of contact of an external common 
tangent ; shew that if o, /3, y are the angles which these lines 
and the tangent make with the line joining the centres of the 
circles, then cot o+cot j8 + 2 tany = 0. 



LP8G' 


= J3; 


LPS'O 


= y; 


CP^ 


a; 


C'Q^ 


hi 


AA'^ 


c. 


SO SG' 


a-\-b+c 


a- b ~ 


a-\-b 




sin qSC 




BmO'QS 




Bin PS 




sma 



sin OPS cos (y-)3) 



a + b 
a + i-f c' 
a-\-b 
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. sing ^ flm/3 ^ ^ . 

cos(o— y) coa(y— /3) ' 

whence cota + cot/34-2tany = 0. 

10. If from a fixed point A chords are drawn to a conic 
intersecting it in B, B^, and a fourth point A' is taken so that 
the anharmonic ratio of ABBA is constant^ shew that the 
locus of J' is a conic having double contact witii the giveo 
conic. 

Equation of conic referred to pair of tangents from A^ 
and their chord of contact 

is LM = n\ 9j ^ ^=^^;F ^i 

Equation of ABB is 

.•. if 5 is the point H-/ui, 
B will be —/A. , 

Thus equation of C4 is i = ; 

CB . iiL-B^^i 0; 

CB . fiL^Bz=:0; 

CA . kL^R = 0. 

1 2 

anharmonic ratio = --- -t- . = — — = const. = A. 

i _ -I- - '^ 

k fi'^ k 

.-. * = /ut(2\-l); 

.-. equation of CA is /ut(2X-l)i;-JB= 0, 

and . . . . AA . M«i~if=0. 

.'. for point of intersection 

^«(2X-i)«i>=:5« = (2X—l)>iif (since /ui'i=J^); 

the equation of a conic having double contact with R'=£M* 
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11. Normals at the extremiiy of a focal chord of the ellipse 

-^ + ^ — 1 = intersect the polar of the focus and each 

other at points whose ordinates are y^ jr„ jr, ; y /, y/, y/ are 
ramilar ordinates for a focal chord at right angles to the first ; 
shew that 

Equations of normals --^ -^ = a*— i*; 

putting X = -9 we have 

Now if (i//) (a<'/0 »^ *1^« extremities of a focal chords 
and the angle it makes with the axis of x 

/=z {a—ex')Bin6; sf—ae = (a— «a?^cos^; 

'— ^(^+<^QQ^) . ^_ 5" sin ^ 
"" T+7co8^ ' ^~I(Hh7cos^' 

and «/'=^ilr:^^. ^'^ -ysin^y , 

1— ^costf ' "^ a(l— ^oos^)* 

, i" sin (9(1+^ cos (9+^) 

.-. yi becomes = j- — ^ „ , — -^-^; 

^ a <?(l+^cos^) (^ + cos^)' 

_ — i* sin^(l--tfCos^+^«) 
^* ■" a ' ^(1— ^cos6^)(d~cosd) ' 

and ^/- = ^^^' ^- - «r.n_i.«.,, .^,x _ ~ J* ^ sin ^ cos Q 



^3 = ^4^ (by a well-known proper<y) = i:i ^sin^cos^ 
^ ^, ^ ^^ a l-e«co8»d 

after reduction ; 



^i-fya--2y3 __ _ cos ^ 
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12. . . » . . Equilateral hyperbolas are described 
about a given triangle ; then the locus of their centres is the 
circle that passes through tb^ middle points of the sides of 
the triangle. 

Equation of circumscribed conic 

l^y + mya-^nafi = (1). j 

Condition for equilateral hyperbola 

^cos-4 + ;ttcos5+7icos C= (2). 

Equations for centre of (1) are 

my-\-np __na-\-ly' lp-\-ma 
a ~~ b ~~ c * 

I M fl 

aa^ — bap-^Cya " 4)3*— CjSy— aa/3 ~" cy*-~aya—bfiy 

__ /cos-4 + ^cos5 + »cos(7 
"" (d^a* — 4a/3— (?ya)cos-4+ * 

.'. from (2) (d^a* — 4a/3— cya)cos J+ =0; 

or afiy+bya-^cafi = aa^ cos A-\-bfi^ cos 5 + c y* cos C; 

the equation of the nine point circle. 
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V. 

Differential Calculus. 



4. ETaluate (-) , when^ssa; and shew that if 



^ , ^ taxkax+tBoxix+taxkex 

a4.44.c-: and « =s 0, -T 1 — i— 7 = 1. 

tan ax tan ddr tan ex 



1 






x.^^^^ 



a^ 

X 



/. « = 1. 



when « s a 



, , . . ^ tanaa?+tandar+tanc9— tanoortan&rtanc^ 

kan(a + ftH-c)»=0=, — 7 7 — 7-^—7 — r"! z 1 J 

^ 1— tan^Kdrtan6a?— tanoortanca;— tancortan^Kdr 

.*. tanoa^+tania^+tancjB— tanaojtan&ctan^ = 0. 

5. Two similar ellipses are such that the major axis of the 
one coincides with the minor axis of the other both in length 
and direction ; shew that the maximum chord of the larger 
ellipse which tonches the other is equal to the line joining the 
extremities of the axes of the larger ellipse. 

X* V* 
Equation of larger ellipse —4-^ = 1 (1). 

ct^ x^ v^ 
Equation of smaller ellipse —j~ — h t^ = 1 (2). 



Equation of chord of (1) in terms of its middle point is 
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ktion of tangent to (2) 


at any point 


is 






6' - ' 




fi 








coincide 








b* 








4*^1 yi 









or 



then 



Nowif'weJ^ + ^ = .^ *^+^-^' = ^«, 



)3«-^V' )3*-6>* ^' + i* 6 



dj^ 



;(/3«-^V«)-i3« + 6V 



= T7 ^^^^ from (3); 

.-. a>« + a«A« !*•-(«» + 6') i3' = (4). 

Also length of half chord in terms of its middle point 

\ a* ^ b* S I a* b*S ft r. i 

and putting fi' =x; fi' =y 

we have to find -—y a max., subject to the condition 

the value is easily found to be — r — ; 
thus length of chord = \/a* + 5*. 
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6. If u =y(/, »i, »), and 

, y—z z—x x—y ^, 

I = > m = > n = — ^ I then 

X y z 

(l+.»)(g)+(l-«)(|)+(l-H.)(|)=0. 
therefore 

:i+'««)^)+(i-«)(|)+(i+'«)(S) — {^+«»+«+^«»«}(J)=o. 



10. The radius of curvature at any point of 
9a{a-^xy = {a-{-yy{a'^2y) 
varies as the square of the length of the normal intercepted 
between the point and the axis of abscissae. 



dy_ 


3a(a— ») _ 


'yV^ 


-2y. 

a ' 






dx* ~ 


■ r ' 









■^^. 



11. The involute of a circle rolls along a given straight 
line; prove that the centre of the circle will trace out a 
parabola. 

p 2 

Digitized byLjOOQlC 



108 Differetaial Calculus. [j. m. i. 

Take the given line as axis of m, and the starting-pomt 
as origin; then the coordinates of the centre of the circle 
are «? = *— a; jr =J»; 

but 9 = length of arc of involute = ^ ; 

.-. y* = 2a{x-\-a). 

12. Find the envelope of the radical axis of two circles of 
given radius^ the centre of one being fixed^ and the centre of 
the other being always upon a fixed right line. 

Take the given line as axis of a;, and the perpendicular 
to it through the given point as axis of ^; 

then the equations of the circles are 

(p^-iy -hy* = «• ; Of' 4- iy'-iy = 6« ; 
.*. their radical axis is 

difierentiating with respect to A, 

2a?— A = 0; 
.'. equation of envelope is 

a?»-2>^+fl^*--6«H-** = 0. 



VI. 

Problems. 

1. If each of two jpairs of the equations 

aw^+baf-^c = (1), 

bx*-{-cx+a = (2), 

cx^-itox+b = (3), 

have a common root^ shew that the third pair has also a 
common root \ and if they all have a common root. 



\ 



■ Digitized byVjOOQlC 



1867.] 



Problems. 



109 



K (1) and (2) have a common root, 



ab—c* be— -a* ca—b*^ 
.-. {ab^e^){ca—b*y = {be-a*y. 

So if (1) and (3) have a common root^ 
{ca--b^) {bc^a^y = {ab-c^y, 
whence (Jc— a*) (oft— c')* = (m— 6*)% 
the condition that (2) and (3) should have a common root. 

Also if the three have a common root 
a, b, e 



b, Cj a 

c, a, b 



= 0; 



or 



a»-|.}»4.(.» — 3a6<? =s 0. 



2. Two chords of a circle intersect at right angles. If the 
length of one of them be to the radius as v^ : 1, then the 
difference of the segments of the other is equal to the 
former. 

Take i?jP parallel to CJ) through the centre, 
then DN^NO = FM- ME, 

and since ^^-^-^ 

AB = 0A^2, a/^ A K J^ 

.-. FM-^ME=z20M 

= 2AM ^AB. 
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3. If -4+^-1- C=(2«4-l)w, shew that 

sin A J sin ^^ sin C 
cos -4, cos^^ cosC 
sin 3^^ sin 3^^ sin 3^7 



J. Iff. 8. 



U = 



= 0. 



u = 



sin A^ sin 5, sin C 

cos A, cos -B, cos C 

sinJ+sin3i^^ sinJ9 + sin3J9j sin(7+sin3(7 

sin Aj sin J5, sin 

cos A^ cos Bf cos (7 

4sin-4cos*-4, 4 sin JB cos* J?, 4 sin (7 cos »0 



= 4sin-4cos*-4sin(5— C) + 4sinJ5cos«J5sin(C— -4) 

+ 4 sinCcos^CsinC^—^B) 

= (H-cos2^)(cos2(7— cos2^H-(l4-cos2JB)(cos2^— COS2C) 
+ (l+cos2C)(cos25— cos2-4) = 0. 

4. In a spherical triangle^ if 

cos a cos - = cos (^ + ^) ^ then A = 2B. 
2 ^ 2^ 

sin (-4— 5) 1 f • ^ 7> • 1 ^^ 

^ — =5—^ = -r— r {sin-4cos-B— sin6cos-4} 

sin^ smb ^ ' 

__ 1 (cosJ— cose— cosa cos a— cos & cose) 
"~ sin 6 ( ' ' ~ 



sine? 
cos J— cos a sine? 



sine 



sini 



1— cose? 



= 1 bj question ; 



sin(J— -B) = sin J5, 
or ^ = 2B. 
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5. If from any point without a triangle ABC a tangent is 
drawn to the inscribed circle of which the radius is r, and 
a, p, y are the portions of it intercepted opposite to the angles 
A^ By C respectively, then 

a-tan -^-h/S^tan :|+y«tan y = 2^. 




CaU LaAB^Q', 

then LBCBT ^zTt-B^Oi 



therefore 



as ^0^=^ {cot- 



— C-Q , w-5 + ^ 



-H-cot 



} = 



A 
cos-— 
2 



cos — -— cos — -— 
2 2 



cos- 



B 



i3 = <r^'=r{cot?-cot^^:i|±i}=r 1 , 



sin - cos ^ 
2 2 



y = -4'5'=r{cot- +cot } = r 



cos- 



cos — - — sm - 
2 2 
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Problems. 



[^- 



M. 8. 



o» tan — H-/3« tan — + y« tan — 
2 2 2 



= tan- 



cos - 



cos — - — COS — - — 



+ tan- 



B 

cos— - 
2 



. e B^e 

sin -cos — -— 
2 2 



, 

+ tan-^ 



cos 







cos — - — sm- 
2 2. 



sin^i (1 — cos^) + sinJ? (1 +cosO+ 0) +sin (7(1 4-cos5— d) 



4 s sin- cos — - — 
C 2 2 

sini^ + sini? + sin C 



cos- 



C+(9 



}■ 



4isin^cos ^ 
l 2 2 



■cos- 



-}• 



r"^2 



J 5 (7 

cos -— COS -z- COS -— 

2 2 2 



B-e c+e 

COS — - — COS — - — 



afiy 



'\* r* 



6. PQ, Pit are tangents to a parabola^ such that PQ.PB 
varies as SP, S being the focus j then the locus of P is 
a parabola having the same parameter as the given para- 
bola. 



Equation of parabola ^* = 4a^. . . 
. . . of straight line through P 

I m 



••(1). 

(2); 
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for lengths of tajigents 

where m^m^ are the two values of m derived from the condition 
that (2) should be a tangent^ viz. 

(/• - 4 dw?') «»» = {m/— 2 aiy ; 
T^^T'^'^'ii^'^ 4ip'« * 

" X~" 2? ' 7," 2^ ' 

h _ ^1 1 

"25^"" /+vy*--4ay {4af'«4-2/«-4«a<+2/vV» — 4«a?'}*' 

/, _ ^> 1 

^a^"" /-Vy*-4aaT' {4a?'« + 2/»^4aa<'-2/\//»-4aw?'}*' 

M-iM^ ^ 7 r— 

{{2fl<«+/«— 2aa<}»-/»{/«-4ay}p 



2{(a,'-«)«+/^}* 2«P' 

... /.«4«^-^=0. 
"^ 2 

7. Through the extremity of the major axis of an ellipse a 
chord AP is drawn ; the line joining the focus of the ellipse 
remote from A to the pole of AF cuts AP in Q ; and a line 
through Q parallel to tiie minor axis meets the curve in R; 
shew that (cos^iSQ)« = cos ASR. 
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The angle subtended at the focus by any chord is bisected 
by the line joining the focus 
to the pole. 

.•• if LA'SPz^a-, 

and cos" J5Q = sin* - • 
Equation of -4P is — = ^ cosd + cosec- sin(d— -); 

T 2 ^ 2' 




putting B = — r— > 
2 



7 • ^ 

^sin- 
2 



we have 8Q, = , and 8N ^ _ 

a . a a . a 

cosec-— tfsin- cosec-— ^sin- 

2 2 2 2 

,*. equation of QiVis — = cos d(^— cosec* -^ ; 
for point of intersection with ellipse — = 1 + ^ cos d, 

T 

we have 1 4-cos ^ cos^c" x = 0, 
or cos A8R = sin* - • 



8. A parabola and its circle of curvature at any point have 
in general only one chord of intersection. Prove this, and 
shew that the points where such chords are met by perpen- 
diculars &om the vertex lie in a cissoid. 

If a circle intersect a conic, its chords of intersection 
make equal angles with the axis. 
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If the circle is the circle of curvature^ three points of inter- 
section coincide; the tangent at the point is one chord of 
intersection^ and there is but one other; and this and the 
tangent make equal angles with the axis : the equation there- 
fore of this chord in the case of the parabola is 

and equation of perpendicular from the vertex is 

ar.y'— y.2a = 0: 
for point of intersection 

3 , 

3flw* 
or — ^- = «* +y * ; 



f^ 



X* 



3a— » 



9. If » is the angle between the axes of coordinates^ then 
the equation of the directrix of the parabola 

is x{a+b COS a)+y{a cos on -^b) = abcoBtt. 

h^A'' *" 

equation of conic inscribed in a triangle whose sides are the 
two axes, and the line at infinity : 

.V=lJ ^'^ 



Fx-\-my 
any two straight lines. 

^2 
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Conditions that these should touch (1) are 
1 1 



al bm 






condition that they should be at right angles is 

11^ -{^mmf -^{Im' -}■ Fm) COB (i> = (4): 

then the locus of the intersection of (2) is the directrix. 

from (3). * * '^ 



" V_^ah (5). 



mm'y ll'x 

Again, from (2), 

lVx'*^mm'y^-\'{pni -\-Vm)gDy ^ 1; 
.'. from (4), 

.*. from (5), 

^ COSO)-' ^COSO) ^^ 

or x{a+b cos ») +y {a cos a> i- i) = ^ cos a>. 

10. A given ellipse slides between two g^ven straight lines 
at right angles to each other ; shew that either focus will trace 
out the curve 

2 a, 2 b being the axes oif the ellipse, and the given straight 
lines the axes of coordinates. 
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I^t {x^, y^), (a?„ y.) be the foci ; 

then coordinates of centre are -^ > — — — • 

2 2 

Now square of distance of centre of an ellipse from point 
of intersection of rectangular tangents = sum of squares of 
semi-axes; 

but fl?ifl?, = y^y, = 6» ; 

whence (*-l^'y+ |^y= 4(a»-}»). 

11. The focal distances of three points of a parabola are in 
arithmetic progression ; shew that the normals at these points 
intersect in a semi-cubical parabola. 

Equation of normal at (a^i^i) is 
equation of normal at (^^3^3) is 

for intersection 

X __ 2ay __ 1 

yi(^i + 2a)-y,(a?3+2a) "" yiM^2 + 2a)-y^y^{iP^-h2a) "" j^i— y, ' 

Now by well-known condition for three normals to a para- 
bola meeting in a point 

and by prob. y^* + y," = 2y," ; 

whence 2y^ (y^ +5^3) = y«" ; 
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3 1 

12. Find /(a?) when/(a?)/(y)-/(ay) = ar+y, a? and y being 
independent. 

put y = £^, .-. f{x)f{p)^f{p) = 0?, or/(o) ^ j^^-^, 

i. e. ^ ■■ is independent of x ; 

this suggests f{x) = 1 -^-kx; 
and it is found that i must = 1. 
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I. 

Algebra. 

1. Prove that 

is divisible by (y +^) (^+«) («+y)« 

' = «'"(y+^)+(2«+l)a?»»-*(y+^)» + .--(y»"+» +;?«"+>), 
and this is clearly divisible by {y-^z); 

similarly the g^ven expression is divisible by (z-j-w) and (^+y), 
and therefore by the product of the three. 

2. Extract the square root of 

(1) (^/3+^/2)«-4V6(^/3-.^/2); 

(2) 2a + 2 ^/a«-J«— (•« + 2J(?. 

(1) {>v/3 + >v/2}«-4 4/6{>/3-\/2} 

= {^/3-^/2}»-2.2^{^/3-A/2} + {24/6}" 
= {>v/3-v'2-2 4/6}^ 

(2) 2i? + 2A/fl^«— i«— c« + 2*c == {//aH-6— cH-\/a— i + c}'. 
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3. Solve the equations : 

(1) V^+A/f = ^ w> 

!+v1=' « 

vl+ Vl=4^ ^^^' 

(2) 16^--8^' + l ^^^1 

(5) 2«« + 27fl?» = 54. 

(1) from (a), a?— 2 \/^ 4-^ = 0; 

9 
/. a? = y = — from OS) and <y), 

63 + 27\/5 

and ;2f = z— ; 

32 

(2) 2(4a?»-.l)« = (4a?«+l)(4a?«-l); 
.'. 4a?»— 1 = 0, or 4a?« — 3 = 0; 

(4) ^^ — ■ , = «• . . ; 

.-. . -, = J^a, or a ^*» ^^ ^ V *» 

Vl+a?4- V 1— :r 

where 1, a, o* are the 3 cube roots of 1 ; 

taking first value, . = ^~r ; 

vl— a? 1 — ^o 

24/^ 



whence x = „— ^^ 
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(5) (2»+3)(«'+12»-18) = 0, 
whence the roots are — -> —6 + 3\/6. 

5. Expand . in a series proceeding by ascending 

v(l+i») 

powers of • 

6. Sum the following series to n terms : 

(1) l+a:+a?*-f 2a?> + 2a?* + 5ar» + 4a?« +... , 

(2) -^ 6 9 

^ ^ 5.8.11 "^ 8.11.14 "^ 11.14.17"*" •' ' 

(1) A recurring series, the scale of relation being 
1— 3a?*+fl?»; 



8^ = 



l-3a?» + fl?«' 



the nth and two preceding terms have now to be found by 
expansion (previously breaking up into partial fractions where 
praticable) ; 
and thus S^ can be found. 

(2) i^+^)t^^^^ ^sn + 5)i!n+S)i3n+n) 



(3^+5)(3»+8) (3^ + 6){3« + 8)(3^+ll) 
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/. 8^ = S.(3»+5)(-«)-8S(3» + 5)(-») 

_ (3«H^)(-0 4(3^ + 5)(-») , ^ 
- 3 -h 3 +C 



+ ^ 



3(3»-h5); 3(3» + 5)(3»-|-8) 

= -__^^±L__ 4.(7. 
3(3» + 5)(3» + 8)^ ' 
1 
put » = 0; .-. C= 3^. 

7. Find the number of ways in which m things can be 
distributed into n compartments^ n being less than m, and 
it being understood that no compartment is to be left alto- 
gether empty. 

Place one in each compartment, then {m-^n) things are 
left to be disposed of; 

and {m-^n) things can be distributed into n compartments in 
^«-« ways. 

8. Shew that any number of pounds can be weighed with 
the series of weights 1 lb., 3 lbs., 9 lbs., 27 lbs., &c. 

Any number N^ expressed in the scale whose radix is 3, 
is of the form j»o -I- i^i 3 -f j»a 3* + ... , where each of the quan- 
tities PoiPuPi'"' IS 0, 1, or 2. 
Now, for example, let JV = 1 + 2.3 + 2.3» + 3» 

= l + (3~l)3+(3-l)3» + 3>; 
.-. JV+3 = l+2.3» = l4-(3-l)3»; 
... JVr4.3 + 3» = 1 + 3*; 

thus only one weight of each kind is used; but they are put 
in either scale. Compare question 12. 
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11. Prove the following : 

(1) The 18 th power of any number not divisible by 3 

is of the form 27 m-^ I; 

(2) If » be any integer, 3**--8?t— 1 is divisible by 64. 

(1) (3» ± 1)" = 277W+1; 

(2) (8 + 1)*— 8»-l = 64»». 

12. Find the series equivalent to the product 

(1 +a) (1 -ha?*) (1 +a?*) (1 +a?0... ad inf. 

(l-+a?)(l-|-a?»)(l+a?*)-' = 1-^(1 -^)(^-+^)(l +^')(1 +^*) 

1— a?" 

= - = l+a?+a?''+«?'-f-a?*H-... . 

1 — X 

Note. — This equivalence may be used to shew that any number 
of pounds can be weighed with the series of weights 1 lb., 2 lbs., 
4 lbs., 8 lbs., &c., only one of each kind being used, and the weights 
being put only in one scale ; for, in multiplying out the product, 
the indices 1, 2, 4, &c. are added together, and the series shews that 
any number whatever is so obtained. Compare question 8. 

13. It Co, Ci, c^ c^ be the coefficients in the expansion 

of (1 +a?)*, shew that 



1.2 2.3 3.4 ^+1^-1-2 {n+l){n-^2) 

1) 



fiL-L&o 1 ( (^ + 2)(^+l) 

1.2"^ (^H-l)(w + 2)( 1.2 



"^ 1.2.3 "^ 



. +(^H-2)+ll 

- (^+i)(^+2) r+(^+2)+ — + ... 
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Or thus — 

(1-f ar)* = (?o+^i^ +<?«*•+ H-^n^*; 

therefore, integrating twice, and adding the necessary con- 
stants, 

CoX* c.x^ c*a?*+* X 1 



1.2 "^ 2.3^'"^(»+l)(«+2) ^7*H-1 ^ (w + !)(» + 2)' 
put a? = 1 ; 



therefore 



2*+» _ ^0 , ^1 . <?« ^ + 3 



(w+l)(» + 2) 1.2 2.3 •••^(«4.1)(^ + 2)^ (^-|.1)(«4.2) 

15. A man has lefb his umbrella in one of three shops, 
which he visited in succession. He is in the habit of leaving 
it, on an average> once in every four times that he goes to a 
shop. Find the chance of his having left it in the first, 
second, and thif d shops, respectively. 

' Chance that he left it in the first shop is proportional to \ ; 
chance that he did not leave it in the first, Ibut did in the 

second, is proportional to I«i = wi 

chance that he did not leave it in the first or second, but 

did in the third, is proportional to . . | . | . J = ^. 

Now the umbrella was left j 
.*. the actual chances are 

iT^' ItIta' rP^ restively; 

^^ T^^ TTj '^' 



Digitized byLjOOQlC 



i868,] Trigonometry and Theory of Equations. 125 



II, 



Trigonometry and Theory of EquaJlions. 

3. If aybychQ the sides of a triangle opposite to the angles 
Ay B, C, and r, r^, r^, r^ the radii of the inscribed and escribed 
circles, then 

cos-^ 

(1) — 



7? C 

cos (60** - -A cos (60° - -.) 

C-A A-B 

cos COS 



cos(60'-— )cos(60**-~) cos(60°-~)cos(60**-^) 



. B ^ C ,^ C . A ^ . A^ B 

atan— -tan-- + otan---tan-- +^tant- tan-— 

/«No 2222 22 

(2) 2r = ; 

^ A , B ^ C 

tan— •+ tan — -ftan-— 

2 2 2 

(3) 1= ^ *^ 



= 4; 



JB— C A 

(1) 2C0S— — cos(60°-— )=:sin(120**-5)+sin(I20°-C); 



given expression 



_ sin(120°— ^)-fsin(120°~^)4-sin(120^--C) _ 
— ^ -g >T, — 4, 

cos (60°--)cos(60°--)cos(60°- -) 
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(2) rtan-— = ^^ ^-^ -; 

^ ^ 2 s 

.-. 2r|tan — -htan^+taiiYl 

^: ^ . — -^ ^ — — — ■ 

S 



"" * 

= a tan —-tan — hotan — tan --- + (? tan — tan--- 
2 2 2 2 2 2 

(3) rb + re = fl^cot-; 

^ A^ B ^ B ^ C . (7. ^ ^ 
.*. expression = tan— tan — + tan— tan —-4- tan — tan — = 1. 
2 2 2 2 J 2 



6 Shew that 

^ 1.2 .2.3 ^ 



= 5^. 



«thterm= r^l- = («-l)(»-2)+3(«-l)+ 1 

»— 1 |«— 1 



1 3 1 



|?t— ^ ^ ^~2 1^—1 ' 

i 

7. Prove that 

1—3 008^-1-6 cos 2^—7 cos 3^+,.. ad inf. 

+ 2(3sin^-5sin2d-f 7sin3d-...adinf.)* = 0. 

Digitized by VjOOQ IC i 



1 868.] Trigonometry and Tfieory of Equdtions. 127 

C= 3co8^— 5coB2dH-7co83d— ,.., 
8 z=. 3 sin ^—5 sin 2^+7 8in3^— ...; 

.-. C-f 5^/^ = 3{cosdH->/^sind}— 5{cos^+^/^sin^}• + ... 
3Jeo8^+y^lsin^^ 
"" {I+cos^+a/ — Isin^}* 

_ {3co8g-i-co82^H-\/— 1 (3sin^ + sin2g)} {l+oos^— \/ — 1 sing}* 
' 4(l+eosg)« 

((l4-co8g)'--sin'g)(3co8g+co82g)4-28ing(i:|-co8g)(3sin^+sin2^ 

4(1+008^)* 

C08*d-f 4cosd+3 



2(1+C08g)» 

t^ 

4(1+008^) 



o ((l + cosd)*— 8in^d)(38ind-|-8in2d)— 28ind(l + co8d)(3cosd + co82^ 

o = — 



sing 



2(1+008^)' 

/^ o oa — 1— cos'g sin'g _ 

.-. l-G-h2i^ -"2(l4-cos(?)«'^2(l+cos(^)»-^- 

8. If a, by c be the sides of a spherical triangle opposite 
to the angles A, By (7, then 

. _^ cos i cos (?— cot 5 cot C ^ 
"" cos 5 cot jB + cos c cot C" 
also deduce the corresponding property of a plane triangle. 

_ - n ^ cos (74- cos -4 cos 5 

By known formulae, cos c = -, — ^—^ — = > 

•^ sin ^ sin B 

sin Ccos i = cos -4 sin 5 cos c+ sin Aco^B', 

j.f 4. A A. T> \ -cos* cos (7, 

.•. cos (cot A cot ir— cos c) = —, — -r—' — ^' > 
^ ' ^nA sm jB 

cot (7 (cose cot -4 4- cot 5) 

cos (7 , ^ • u , ' A UN cosicosC 

= -: — T—' — TT-' — 7^(cos A sm jB cos c+ sm ^ cos B) = -^ — ^-; — =, ; 
sm A sm B sm (7^ sm A sm jB 
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.-. cos h (cot A cot jB— cos c) = — cot C(co8 c cot -4 -foot B) ; 
cos J cos (?— cot -B cot C 



cot^ = 



cos 5 cot 5 + cos c cot 



To prove the corresponding formula for a plane triangle, 
» for a, i, (J. 



put - > - > - > for a, i, (J, 
^ r r r 



then cot-4 = 



make r infinite, 



^ . 1— cot ^ cote 

cot A = T-^r — r- . 

cot 5-f cote 



III. 

Pure Geometry. 

10. -4X and BT are equal arcs of a circle measured in 
opposite directions from two fixed points A and B on the 
circumference. If P and Q are two other fixed points on the 
same circumference, prove that the locus of the intersection 
o{ PXj QF is an equilateral hjrperhola; and determine the 
directions of its asymptotes. 

P, Q will evidently he centres of 
two homographic pencils, which are not 
in perspective, since PQ will not in 
geiieral correspond to QP; 

the locus therefore of the intersec- 
tion of PX, QYis 3. conic ; 
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1 868.] Analytical Geometry. 129 

also it is evident that there are two positions of the points 
X, Yin which arc XT = arc PQ. 
PX, QF are then parallel ; 

thas the conic has points at infinity iH two directions, and 
is therefore a hyperbola ; 

PXy PX' in the figure are the directions of the asymptotes. 
Also arcX4X'=X4+^r'+rZ' 

= ZB+5X'+ Xr= arc XBX ; 
.-. FXy PX' are at right angles. 

14. Tangents from the vertices of a triangle ABO are 
drawn to a conic section, and meet the opposite sides in the 
points «! «„ ij ig, c^ Ct respectively. Prove that a conic 
section can be drawn through these six points. 



= 1; 



By the reciprocal of Camot's theorem, 
sin CPbi . sin CBb^ sin^Cb^ . ein ACc^ &inBAai . BinBAa^ 
smABb^. sin ABbt sin BCci. sin BCc^ bin CAa^. sin CAa^ 

this may be replaced by 

Cbi . CSj Aci . Ae^ Ba^^Ba^ _ 
AbT.'M^ ' Bc^.Bc^ ' Ca^.Ca, *" ' 

.*. by Carnot's theorem the six points a^^ «„ b^, b^, c^, c, lie 
on a conic. 

IV. 

Analytical Geometry. 

2. Under what conditions will (t+ f — l) = ^^^ repre- 
sent a circle? If (a be the inclination of the axes,, shew that 

the radius = a tan - • 
2 

s 
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(1); 



chord of contact; 

for a circle a 


a 
= 5 


thus equations 


for finding the centre become 




(l-2^>)ar+y- 


-a = 0; 




ka* ka^ \ 


a* 




l->ia«' 



but clearly r = a tan- = y sin « ; 

2 

2iPa"cos*- 
/. a = 2ycos*- = 



2 1-^ 



xa 



^ = -^^— (2)- 

a^coscd 



4. The directrix of the parabola 
is given by — ^ ^ = ; and the focus by 

^_y_ i_^ 

If (iPi yi) is the focus, and Ax+By+C ^0 the directrix, 
the equation of the parabola is 

(.-..)■+(,-..)■= i^i^'i 

and given equation may be written in the form 

a c 
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focns is given by a?i = • 



a-\-c' 



yi=- 



a-^-c 



X y 

and directrix is -— = =7= = 0. 



6. If from any point in the plane of an ellipse a perpen- 
dicular be let fall upon its polar^ the two confocal conies which 
can be drawn through the foot of the perpendicular will touch 
at that point the one the polar, the other the perpendicular. 

To prove this by reciprocation — 

A system of circles having the same radical axis reciprocates 
into a system of confocal conies^ one of the limiting points 
being taken as origin : also lines at right angles become points 
subtending a right angle at the origin : 

thus the problem becomes this — 

if P be any point in the plane of a circle belonging 
to a coaxal system, and Q 
a point on its polar such 
that PQ subtends a right 
angle at a limiting point, 
then PQ is a tangent to 
the two circles of the sys- 
tem that can be drawn 
through P or Q, 

Now the polars of any 
point P with respect to a system of circles having the same 
radical axis aD pass through the opposite extremity of the 
diameter of the orthogonal circle passing through P ; 

also aU orthogonal circles pass through the limiting points ; 

.*. PQ is clearly a diameter of a circle orthogonal to the 
system ; 

and .'. touches either of the circles of the system drawn 
through P or Q. 
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7. Normals are drawn to a parabola from a given point, 
and perpendiculars are let fall on them from the focus ; shew 
that the sum of the squares of the perpendiculars = 2{x—fn) 
{x—2m)j X being the abscissa of the point measured from 
the vertex, and ^m the latus rectum. 

Square of perpendicular from focus on normal at any 
point P = SP'^SY' = SP'^AS.SP = x\af+m) ; 

.". sum of squares = 2 a?'* + w 2 a?'. 
Now equation of normal at any point {of jf) is 

.'. substituting for y in the equation of the parabola 
a<"4-2(2w— a:)a<-h(2m— a?)».a?'— wjy* = 0; 
whence 2a<=— 2(2w— a?); 2a<* = 2 (2w— a?)*; 
.-. 2a<» + ^2iP'= 2{X'-rn){X'-2m). 

8. From a given point as centre circles are described cutting 
an ellipse. Shew that the locus of the middle points of the 
conmion chords of the circles and ellipse is an equilateral 
hyperbola, passing through the feet of the normals drawn from 
the given point to the ellipse. 

Let {x^y^ be the given point; 
then the equation of the normal at any point [x y) on an 
eUipse is ^.^ *"y . , *. . 

a?' / "" 
but if (a? y) is known (a?i y^ ; and (a^y) unknown, this becomes 

X y 

or {a'^ ^h^)giiy -\-¥ y ^x—a^ x^y = 0; 

and this represents an equilateral hyperbola passing through 
the feet of the normals. 
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Again^ the equation of a chord of the circle 

in terms of its middle point (fl?,, y^) is 

x{x,-x^)+y{^^-y,) = x^{x^-x^)+y^(y,'-y,); 
and the equation of the same chord for the ellipse is 

" ^ y± ' 

.'. {a^—b^)x^y^+b^y,x^—a^x,y^ = 0; 
shewing that (x^, y^ lies on the hyperbola determined above. 

10. Perpendiculars from the angles of a triangle meet the 
opposite sides in D^, D^, D^; if Oi, 0,, 0^ be the centres of 
the escribed circles, shew that B^ Oi, B^ 0,, D^ 0^ meet in a 
point which lies in the straight line joining the centres of the 
inscribed and circumscribed circles. 

Equation of D^O^ passing through (—1, 1, 1) and {0, 
cos C, cos -8} .is 

a (cos C— cos ^— i8 cos JS+y cos C = ; 

so for i>aO„ o cos ^+j3 (cos ^— cos C)—y cos C = ; 

and for BiO^, — o cos A+fi cos B'\-y (cos 5— cos ^) = : 

for line joining centres of inscribed and circumscribed circles 

{1, 1, 1} and {cos-4, cos 5, cosC} ; 

a{cosJS--cosC}+j3{cos C— cos^}+y {cos^— cos^} = 0: 

any three of these clearly meet in a point 
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14. If tiie coordinates of a straight line be the reciprocals 
of its intercepts on two rectangular axes, find the tangential 
equation of a circle, of which the origin is the centre. 




or a?"+y"=--r' 



V. 

Differential Calculus. 
8. Find the equation of the tangent to the curve 

at its point of inflexion. 

at a point of inflexion ; 

.•• the point of inflexion is 

♦'. ~ at the point = -y ; 

dx ^ a-\-b^ 

.'. the equation of the tangent is 

(a— %+(a+% + «»— d« = 0. 
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11 . . . . 1£ piyp^he the radii of curvature at the extremities 
of a focal chord of a parabola^ of which 4 ;» is the latus rectum^ 
then {p, p,)i = {2m)^ (pi*+p,^). 

Pi = 1 I P» = 1 > 

since jp^a?, = m' for the extremities of a focal chord. 



VI. 

Problems. 
58. Any polygonal number of order r, multiplied by 8 
J — -^, and increased by unity, makes a square number. 

r^ 2 Ij^-^+^—ji:^' /^^:3~+^ 

3. The sides of a triangle are such that 
ad c 



shew that the angles opposite to a and d are 



2 tan"* — and 2 tan-*wr«. 



and that the area is — be. 
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' A - n ' , J -n. 2sm — - — cos — — - 
sin^ sinjB mn{A-^B) 2 2 



1 + m^n* m' + n^ ' (1— «tt*)(l+n») . (1 4- «*')(!+»•) 

^ . A^B A^B ^ . J+5 A+B 
2 sin — - — cos — - — 2 sm — - — cos — - — 
_ 2 2 2 2 

~ (1— w")(l— »«) "■ (1— w»)(l + »») 

^-J ^+J ^ B , A , B 

cos — - — cos — - — cos - cos - sin - sm — 
2 2 2 2 2 2 

l+m* "" 1— «»* ~ 1 "" «i* 

. ^-jB . A+B .A B A . B 

sin — - — sin — -— sm— cos— cos -sin — 
2 2 2 2 2 2 ^ 

1— »• l+«« ""1 "" »» ' 

.Am . B 

.'. tan-=-; tan- = ia«; 

whence also sin ^ = 



.'. area = -— — - be. 

4. The nth fraction convergent^to 

1 1 1 mnnO 

IS 



2cos^— 2cos^— 2cos^— **"*' sm{n+l)e 

, . , 1 sin^ 

1st convergent = = -:--— ; 

^ 2cosd sin2^ 

^ , ^ . 2cosd sin2d 

2nd convergent = — = . ^ - : 

^ 4cos»d— 1 smSfl' 

let (»— 1 )th and (» — 2)th be 

sin (w— 1) e sin («— 2) ^ ^ 

sin^d sin(«— 1)^' 

. , __ — 2cos^.sin(^— l)^-hsip(»~2)^ _ sinwd 
"" — 2cosd.sin»d + sin(«— l)d "" sin(«-|-l)^ 
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5. Shew that 

j_J I L_.J 

(cot^H- tan^+ cot^H- 3 

]taii^4- —rr- i — :r\ ir;rr" \ = tan»^. 

( cot^+ taii^+ cot^-h 3 

_ 1 1 _ tan^4-<P 

"■ oot^H- tan^+a? ~ 2+a?cotd ' 
.-. fl?tand4-iB' = i»{tand + a?} = tan=*d. 

6. If -4^1, JSjBi, CCi be arcs of great circles bisecting the 
angles of a spherical triangle^ and meeting the opposite sides 
in Aij JSi, Ci, then 

C0SJ5 — cosC ... cobO^cobA , „„ 

———cot -4^1+ cot BBi 

A B 

cos —- COS —- 

2 2 

cos J — COS j5 , ^^ 

-f .-I— 1^— . cot CCi = 0. 

C 
cos-— 
2 

-4 A 

cot .iJi sine = cot-Bsin — -hcosccos — 

2 2 

-4 -4 

{cos(7-f-cos-4cosjB}cos— (cos5-f cosC)cos — 
cot IS sin — - -f i . « p = ^ J ' -D i 
2 sin^sin^ sin^sin^ 

cos J5— cos (7 ... cos" J?— cos* C7 

.'. cotAAi = -: ! — J—. — ^; 

^ sin c sin ^ sm B 

COS-r- 

2 

.". given expression 

__8in(7 cos^J?— eos^C+cos^C— cos*^-|-cos"-4— cos"^_ 
""sine sin J sin £ sin C7 
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7. Pi SP^ is a focal chord of a conic of which S is the focus 
and A the vertex; APi, AP^ meet the latus rectum in Q^, Q, ; 
then half the latus rectum is a mean proportional between 
Sq^ and 5(2,. 

Let Z^Pi = a, 
then equation of AP^ is 

^ /I « //I o\ 

- = ^cos^ + sec-cosid— -): 
put d = -; 
.-. 5(2, = /cot|; 

so 5^2 = ^cot ; 

.'. SQi.SQ^ = I' (regarding magnitude only). 

Or thus — 

Lines drawn from any^point on a conic to the extremities 
of chords that all pass through a fixed pointy form a pencil in 
involution. 

Thus we have an involution on the latus rectum, of which 
S is the centre; and Qi, Q,; ii, Z^ are pairs of conjugate 
points. 

8. If Ciy c, be the lengths of the normal chords at the 
extremities of a focal chord of a parabola of which I is the 
latus rectum, then (ci"* + Ca"')' = {Ici ^a)"*. 

y' = 4flw (1), 

—7— = ^— ^= r (2), 

substituting fix)m (2) in (1) to find the length of any chord 
m»r» + 2(»^/— 2a^r+/* — 4a;p'= 0; 
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if (a?' y') is middle point of chord, 

m/—2al=zO (3), 

and {-chord} =-^^-^^ (4). 

Equation of normal at (x^^ y^) is 

comparing this with (2), 

y^ ^ '2a"' J^i(a?x4-2a)' 
from these, and equations (1) and (3) we obtain 

^=^^' "= J? ' 

J* »»» _ 1 

.-. from (4), c,» = )- — '- , 

.>- 16a(a?, + a)» _ 16 {a>,+^' 

so C» — 



a?2 a?i 

since a?i a?, = a^ for the extremities of a focal chord ; 

_ ^1 

.-. ^r»+^a '= 16a{x,+ay' 

9. Tangents at points of the cissoid, 

^' 

y = ;; '^ 

*^ 2fl— a? 

which subtend a right angle at the origin, intersect in a 

circle. 

T 2 
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The line y ^mx meets the curve in the point 



af^ 



2am^ , 2 am 



■ 9 



''=1+. 



equation of the tangent at this point is 

(Sm+m^) x^2y---2am^ = 0, 
or (a?— 2a)«j« + 3a?«» — 2y = 0, 

an equation giving the values of m for the three lines drawn 
from the origin to the points of contact of tangents from any 
fomt{af,y); 

if m^m^ = —1, we easily obtain 

2ar« + 2y« — 6flw?+2a« = 
the equation of a circle. 

11. A straight line moves between two fixed straight lines 
at right angles to each other; if the middle point of the 

straight line lie on the curve (-) + (-) = 1, then the straight 

line will always touch an ellipse. 

If (^i^i) is the middle point, 
equation of the line is 1- -^ = 2 (1), 

also equation of the ellipse, if it exists, must be of the form 

Av'+£y^^C, (2); 

tangent at any point 

J(vaf+Sy/ = C; 

this will coincide with (1), if 

As' ^W ^C 

JL ~ 1 "" ^ ' 

Aax' _ Bhf _C _ {A^a^ixf^+BH^/^}^ ^ 
a^ "" ^ "" 2 "" 1 ' 
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A^a*a<*+B^b^/* must = — ; 
comparing this with (2), Aa* = B6^ = — ; 
.•• equation of ellipse is — + -^ = 4. 

12. If a, j3, y be the angles subtended at any point by the 
sides of a triangle^ find the locus represented by 
cosa + cos^ + cosy = —1. 

cosa + cosj34-oos(o+/3) = —1; 

.-. cos — 7~- cos —~ + COS* -^ = ; 
2 2 2 

.*. cos— — ^=0; or cos— — ^+cos^--~-- = 0; 
2 2 2 

whence a+j3 = ir, or a = ir, or j3 = ir; 

thus the locus is the three sides of the triangle. 

18. A rectangular piece of paper AJBCD is turned over so 
that A coincides with C, and J3 with J), and is then flattened 
out. Shew that it is possible that the figure so formed may 
be a regular hexagon ; and determine the condition that this 
should be so. 

Width of paper = AJB, 
and length 

= Bb+6c+cf+fA 
= sV3.AB, 
since all the angles of the hexagon 
- ^1 
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17. Two parabolas can be drawn through four points on a 
circle ; shew that they have their axes at right angles to one 
another^ and parallel to the bisectors of the angles contained 
by any pair of chords through the four points. 

If a conic and circle intersect, the chords of intersection 
make equal angles with the axis of the conic ; 

hence the problem. 
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